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CROSS CHARACTERISTIC REPRESENTATIONS
OF EVEN CHARACTERISTIC SYMPLECTIC GROUPS

ROBERT M. GURALNICK AND PHAM HUU TIEP

ABSTRACT. We classify the small irreducible representations of Spay (¢) with ¢
even in odd characteristic. This improves even the known results for complex
representations. The smallest representation for this group is much larger than
in the case when ¢ is odd. This makes the problem much more difficult.

1. INTRODUCTION

In [CaS], Landazuri and Seitz gave lower bounds for irreducible representations
of Chevalley groups in cross characteristic, and these lower bounds were improved
further by Seitz and Zalesskii in [SZ]. The Landazuri-Seitz-Zalesskii bounds have
proved to be useful in many applications. In further applications, particularly in
various problems related to the classification of maximal subgroups of finite clas-
sical groups (cf. for instance [GPPS], [MT1], [MMT]), in the minimal polynomial
problem (see e.g. [GMST]), in the determination of submodule structure of small
rank permutation modules ([LST], [ST]), and in computer programs to recognize
linear groups of moderate degree, it is also important to identify the modules which
have dimension close to the smallest possible dimension and to prove that there are
no irreducible modules with dimension in a certain range above it. This was done
in [GPPS| and [GT] for SL,(q). Further improvements were obtained by Brundan
and Kleshchev [BrK]. Hiss and Malle [HM] have obtained results similar to [GT]
for unitary groups, and their results have recently been improved in [GMST]. The
case of Spay(q) with odd ¢ has recently been done in [GMST].

In this paper, we consider representations of the finite symplectic groups G =
Span(q) with n > 2 and g even over an algebraically closed field IF of characteristic
¢ # 2. Landazuri and Seitz [LaS| had already shown that the smallest dimension
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of nontrivial cross characteristic representations of G is

d(G) = (¢" = D(¢" — q)/2(q+ 1).
Decomposition matrices are known in the case of Sps(q) [WhI], and in the case of
unipotent blocks of Spe(q) [Wh2].

One of the principal differences between the cases of SL,(q), SU,(g), and
Span(q) with odd ¢ that have been treated before and the case we are consid-
ering here is that the minimum dimension of cross characteristic representations of
G = Span(q) with ¢ even is not small (compare d(G) to (¢" — 1)/2 which is the
bound for Spa,(q) when ¢ is odd). Moreover, in all the previously-studied cases
one has obvious candidates for small representations which are the well-known Weil
modules (see e.g. [GMST]). In our case, even the complex irreducible represen-
tations of small degree of G are much less understood, and their construction is
far from being obvious. (Notice that the classification of small complex representa-
tions as given in [TZ1] only went up to d(G)(1 4+ O(¢~™)).) It turns out, however,
that in many respects they still resemble the Weil representations that occur in the
previous cases. In fact, these representations of G come from Weil representations
of SLa,(q), in which case we call them (complex) linear-Weil representations of
G, or from Weil representations of SUz,(q), in which case we call them (complex)
unitary- Weil representations of G. A good construction and a better understand-
ing of these complex representations are furnished using the concept of Howe’s dual
pairs [Hw2|. This concept is fairly well-known for finite groups of Lie type in odd
characteristic; however in the case of Lie type groups in characteristic 2 this has
been worked out first in [I]. When reduced modulo ¢, these complex Weil rep-
resentations produce ((¢ — 1)¢ + 3)/2 irreducible linear- Weil representations and
((g+1)¢ +3)/2 irreducible unitary- Weil representations in characteristic . Formal
definitions and properties of complex and modular Weil representations of G are
described in §§3, 7. For the reader’s convenience, we collect in Table I the relevant
information about complex and modular Weil characters of Spa,(q) (extracted from
Corollaries [ and [ZT10). In this table, X denotes the restriction of a character x
to ¢-elements, and Ny denotes the ¢/-part of an integer N.

As in the case of odd ¢, Weil representations of G can also be characterized by
certain local properties, (W;) and (W5), which are studied in §§3, 5. The most
transparent one, (W5), means that the representation in question does not afford
a Py-orbit of Zs-characters of length (¢ — 1)(¢ — €)/2 (which correspond to all
quadratic forms of rank 2 and type —e on F(QI) Here P, is the stabilizer in G of
a 2-dimensional totally isotropic subspace of the natural module Fg” of G, and
Zy = Z(02(P)).

We will exploit the method that has been first developed in [GMST], which
is to analyze modules with various local properties, and by restricting to various
families of subgroups which contain a conjugate of every element of the group, we
can determine the Brauer character of the module in question. However, another
principal difference between our case and the case of Spa,(q) with odd ¢ considered
in [GMST] is that G contains some semisimple elements (namely elements of tori of
order ¢™ £ 1) which cannot be covered by subgroups good enough for the purposes
of this “gluing” method. To cover those elements we rely heavily upon Deligne-
Lusztig theory [L], and upon some fundamental results of Broué and Michel [BM]
on unions of ¢-blocks and of Geck and Hiss [GH]| on basic sets of Brauer characters,
which also depend on Deligne-Lusztig theory.
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TABLE I. Weil characters of Spa,(q) (¢ even, n > 2, £ # 2)

Complex linear-Weil Doer ¢-modular linear-Weil
characters ceree characters
n n "1
P (¢"+1)(¢" —q) P 1, fqu,l.,
2(g—1) 0, otherwise
2 (" —1)(¢" +4q) o )L f(g" +1),
P 2(q—1) P 0, otherwise
T’riz ) q2n -1 /f—:z )
1<i<(q—2)/2 qg—1 1<i<((g—1ep—1)/2
Complex unitary-Weil Deerec {-modular unitary-Weil
characters & characters
(¢" = 1)(¢" —q) -~
70 2((] i 1) Qp
3 (¢"+1)(¢" +q) 5 1L (g +1),
" 2(q+1) " 0, otherwise
'fz ) q2n -1 AriL )
1<i<q/2 q+1 1<i<((g+1)er —1)/2

The main results of the paper are the following two theorems. In Theorem [LT]
we define o = 19/15 if (n,q) = (5,2), a = 2 if (n,q) = (5,4) or (6,2), and a = 0
otherwise.

Theorem 1.1. Let G = Spay,(q) with q even and n > 2. Let V' be an absolutely
irreducible G-module in characteristic £ # 2 of dimension less than

q2(q - 1); n= 2;
21, (’I’L, q) = (37 2);
(¢ -1), n=3, ¢g>2,
o(n,q) := 203, (n,q) = (4,2),
(q4_1)(q3_1)q27 n:4a q> 27
(((17L71+q12)£q1"72—Q) 11— a) ‘1"L71(<1"L7;—1)(<1—1)7 n>5.

Then V is either the trivial module or a Weil module.

Theorem 1.2. Let G = Span(q), ¢ be even, n > 2, (n,q) # (2,2), (3,2). Let V
be an absolutely irreducible G-module in characteristic £ # 2 that satisfies (W5) for
some € = £. Then one of the following holds:

(1) V is the trivial module.

(ii) e = + and V is a linear- Weil module.

(i) e = — and V is a unitary- Weil module.

Observe that if n > 5, then d(n, q) = 3¢**~%(1—¢~1+0(¢~?)). In the meantime,
Corollary shows that G has a complex irreducible non-Weil character of degree
D(n,q) = 3¢"5(1 + ¢=* + O(¢®)). Hence the bound 9(n,q) given in Theorem
[T is the asymptotically correct bound when n > 5. We emphasize that Theorem
[T is proved relying upon Theorem Moreover, Theorem is also used in
applications to identify the representations V' in question via the local property
(W5), when a priori no upper bound on dim(V) is given. The results of the paper
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have already been used in [MT2] to determine irreducible tensor products of cross
characteristic representations of Spa,(q) with ¢ even.
The orthogonal groups will be treated in a forthcoming paper.

Notation. Throughout the paper, ¢ is a power of 2, G = Spa,(q), F is an alge-
braically closed field of characteristic £ # 2, I,, is the n x n identity matrix, and
JIn = ( I(i IS) Furthermore, M = IF(QI" is equipped with a G-invariant non-
degenerate symplectic form (-,-), which has J,, as Gram matrix in a fixed basis
(e1,...,€n, fi,..., fn). By a standard subgroup Sps;(q) in G we mean the point-
wise stabilizer of a nondegenerate (2n — 2j)-dimensional subspace of M. Also, P;
is the stabilizer of a j-dimensional totally isotropic subspace in M, Q; = O,(F;),
Z; =Z(Q;) it j > 1and Z; = Z(Py), and L; ~ Span—2i(q) X GL;(q) is the Levi
subgroup. Next, Hy ~ Spaq(q) X Span—24(q) is the stabilizer of a 2d-dimensional
nondegenerate subspace of M. Let My, ,(¢q) be the set of m x n-matrices over F,,
My(q) = Mnn(q), Ha(q) = {X € Ma(q) | "X + X = 0}, Hp(q) = {X € Ha(q) |
X has zero diagonal}, F,(q) = M,(q)/Hn(q). If x is a class function of G, then
X is the restriction of x to ¢'-elements. The symbol GL%(q) stands for GL,(q) if
a =+ and GU,(q) if &« = —. We fix a primitive (g — 1) root § of unity in F,, and
a primitive (g — 1) root 6 of unity in C. Furthermore, we fix a primitive (g+1)th
root ¢ of unity in F2, and a primitive (¢ + 1) root € of unity in C. If N is an
integer and r is a prime, then N,» denotes the r’-part of N. If N is a prime power,
then [N] denotes the elementary abelian group of order N.

All Brauer characters are meant to be in characteristic £. If A, B,C are FX-
modules for a group X, then we will use the notation C = A 4+ B to indicate that
this is true in the Grothendieck group Go(X). Abusing notation, sometimes we
will denote an FX-module and its Brauer character by the same letter.

2. PRELIMINARIES
We will frequently use the following version of [GMST| Lemma 4.2]:

Lemma 2.1. Let V be an FG-module with Cy(G) = 0 and let U be an Lq-
composition factor of Cy(Q1). Then U is also an Li-composition factor of [V, Q1].

Proof. We may assume that P, = Stabg((e1)r,). Let g € G be the element that
flips e; and fi and fixes all e; and f; with i > 2. Then L; = Stabg({e1)r,, (f1)F,)
normalizes both Q1 and QY. Thus Ng((Q1,QY)) contains (Q1, QY)L; and therefore
equals G; in other words (Q1, @7)<G. But G is simple, hence (Q1,Q{) = G. Notice
also that g centralizes L;. Therefore, our statement follows from [GMST] Lemma
4.2]. O

The next result gives families of subgroups which contain a conjugate of every
element in G. If kI = n, then Spay(¢') naturally embeds in G by viewing the natural
2k-dimensional module over F; as a 2n-dimensional vector space over F,. For each
==, T, ~ Zgn_. is a torus of SLy(¢™) naturally embedded in G.

Lemma 2.2. Let g € G = Spa,(q) with n > 3. Then a G-conjugate of g is
contained in at least one of the following subgroups:

(i) Pj withl1<j<n-—1, Hg withl <d<n/2, and Spa(q™'?), provided that n
1S even;
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(i) P with1<j<n-—1, Hy with1<d <n/2, and Spar(q™'*), provided that
n s odd and divisible by k > 1;

(ili) P with1 < j<n—1, Hy with1 <d<n/2, T}, and T_, provided that n
is an odd prime.

Proof. 1) First consider the case when a conjugate of g is contained in P,. We
claim that either a conjugate of g is contained in some P; with 1 < ¢ <mn—1, or
g is conjugate to an element of Ty, or n is even and a conjugate of ¢ is contained
in Sps(¢"/?). Indeed, we may assume that g stabilizes U := (eq,.. .yen)F,. Let
g = su, where s is the semisimple part and wu is the unipotent part of g. Since u
is a power of g, u(U) = U. If u|ly # ly, then g fixes Cy(u), which is clearly a
nonzero totally singular subspace and of dimension j < n, whence a conjugate of g
is contained in P;. Assume that v =1 on U. If s|y is not irreducible, then s (and
g as well, since u = 1 on U) fixes a proper subspace U’ of U, and so a conjugate
of g is contained in Pj with j/ = dim(U’) < n. Assume s|y is irreducible. Then
s|ly is conjugate (in the algebraic group SL,(F,)) to diag(c,o?,... ,0?"") with
07" =1 = 1 but o¢" # o for 0 < k < n. If the s-module U is not self-dual, then
C(s) is conjugate to Ty and so a conjugate of g is contained in 7. Assume the
s-module U is self-dual. In this case there must be some k, 0 < k < n, such that
0?" = =1 Tt follows that n is even, Cg(s) ~ GUy(q™?) < Spa(q™/?), whence g is
conjugate to an element of Spy(q™/?).

2) By [GMST]| Lemma 4.4], a conjugate of any g € G is contained in some P;,
Hg, or SL2(q™). Observe that if x € SLy(g"™), then either z € P,, or x € T_.
Hence a conjugate of any g € GG is contained in some P;, Hy, or T_.

3) Assume 7 is even. Then we may embed Ty — SLy(¢") — Sps(¢"™/?). Hence
the results of 1) and 2) yield statement (i).

Assume n is odd and divisible by some k > 1. Then we may embed Ty —
SLa(q™) — Spar(¢™*). Hence the results of 1) and 2) yield statement (ii).

Finally, 1) and 2) also imply statement (iii) in the case when n is an odd prime.

d

Let X be any finite group with a normal ¢’-subgroup Q. If V is any F X-module
and A € IBr/(Q), then we will denote by V) the A-homogeneous component of Vg,
and let I := Stabx (). Next, if ¢ is a virtual Brauer character of X, then we
may assume that ¢ is afforded by V' — U, where V' and U are FX-modules. In this
case we may consider the virtual Brauer character of I afforded by V) — U,. This
character does not depend on the choice of V,U by the following lemma, hence
we may talk about the virtual Iy-module (V — U)y := V) — Uy and call it the
A-homogeneous component of ¢.

Lemma 2.3. Let U, V,U’, V' be FX -modules such that V —U = V' —U’. Then the
virtual I-characters afforded by V\x — Uy and by V) — U} are equal.

Proof. Tt suffices to show that the virtual Brauer characters in question take the
same value at any ¢'-element g € I). Replacing X by Y := Q(g), we may consider
U,V,U', V' as complex Y-modules. By assumption, the complex Y-modules V 4+ U’
and V' + U have same character, whence they are equivalent. It follows that their
A-homogeneous components (V + U’)y = Vy + U} and (V' + U)y = V] + Uy
are equivalent. Thus the traces of g acting on V) + U§ and V + U, are equal.
Consequently, the virtual traces of g on Vy —U) and V{ —Uj are equal, as stated. [
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We will also need the following statement:

Lemma 2.4. Letr be a prime and let Q) be a normal extraspecial r-subgroup of order
r2n of 4 finite group X. Suppose that x is an irreducible complex character of X
of degree v such that x|q € Irr(Q). Then for any g € X, [x(9)I* = [Cq/z0)(9)|
if g acts trivially on the complete inverse image of Cq/z(0)(9) in Q, and x(g) =0
otherwise.

Proof. The statement is well known; cf. for instance [IS, Theorem (3.5)]. Even
though it was assumed in [Is] that » > 2, the argument given there goes through for
any r. For completeness we give an outline of the argument. Denote Z := Z(Q),
C:= Cq/z(9), and let C be the complete inverse image of Cin Q. It is clear that
X|z = ™A for some faithful linear character A € Irr(Z), and that Z = Z(X). First
assume g does not act trivially on C. Then there are some z € Q and 1 # z € Z
such that zgx~! = gz, whence x(g) = x(g9)A(z) and so x(g) = 0. Next, assume
g acts trivially on C. Consider the alternating form (xZ,yZ) — [z,y] € Z for
xZ,yZ € Q/Z. Since this form is nondegenerate, one can check that the orthogonal
complement C*t is exactly [g,Q/Z]. If u € Q, then Cq/z(gu) = C; moreover, gu
acts trivially on C if and only if u centralizes C, i.e. uZ € C+. It follows that
the coset g@Q contains exactly |Z| - |C| elements gu that act trivially on C. For
each such element gu, we have already shown that uZ € C+ = [g,Q/Z], therefore
g tvgv™! = uz for some v € Q and z € Z, i.e. vgv~! = guz, whence |x(gu)| =
Ix(guz)| = |x(9)|- Thus 3 c 0 IX(@)]* = X, zcar IX(gu)]* = |Z] - |CH] - [x(9)]*-
On the other hand, > . o Ix(z)]*> = |Q| by [Is, Lemma (3.4)]. Consequently,

IX(9)? =1Q/Z|/|C*+| = |C], as stated. 0

3. LOCAL PROPERTIES (W5) AND WEIL REPRESENTATIONS

First we make some observations about the structure and representations of
P; = Stabg({e1,...,e;)r,) for 1 < j < n. It is convenient to write elements of P;
with respect to the basis

(617--'aej7ej+1;'"7enafj+17"'7fn7f1;"'7fj)'
I, 'AJ,—; C
For any A € Ms,—2;;(q) and C € M;(q), set [A,C]:=| 0 Izp_2; A |. Then
0 0 I

Qj = {[A, C] | Ae Mgn_gj,j(Fq), Ce Mj(q), Cc+ tc + tAJn_jA = O}
has order ¢/(47=37+1/2  The multiplication in Q; is given by the formula
[A,C)- [A,C' = [A+ A,C+C + "AJ,_;A].

In particular, Z; = {[0,C] | C € H;(q)} and Q} = {[0,C] | C € HI(q)} if j > 1.

Assume j > 1. Any linear character A of Z; (over F) can be written in the form
A ¢ [0,X] — (=1)8Fa/m(TBX) for some B € M;(q). Clearly, Ap = Ap- if and
onlyif B—B’ € H?(q), so we may think of the subscript B of Ap as a coset in F;(q).
On the other hand, for each B = (b;;) € M;(q) we define the quadratic form ¢p
on the space Fg = (f1,..., fj)F, such that ¢p(f;) = bs; and the associated bilinear
form has B + ‘B as Gram matrix in the given basis. Again, ¢g = gp if and only
if B—B e Hg(q), so we may think of the subscript B of ¢p as a coset in F;(q).
Furthermore, for any X € GL;(q), A\+xpx = Ap if and only if ‘XBX — B € H?(q),
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i.e. *XBX and B have the same diagonal and ‘X (‘B + B)X = 'B + B, that is,
X € O(gg). Recall that the rank of ¢p is the codimension of rad(¢g) in IF{] Then
two quadratic forms on Fé are GL;(g)-equivalent if and only if they have the same
rank and the same type if the rank is even. Let Of be the set of all Ag where ¢p
has rank r and type €. Here € = % if r is even and ¢ is void if r is odd. To ease
the notation in what follows, we will also use the symbol OF for O, when 7 is odd.
The above discussion yields the following statement:

Lemma 3.1. Assume 1 < j < n. Then the P;-orbits on IBr¢(Z;) are precisely O
with 0 <r < j. If X = Ap belongs to Oy, then Stabr,(Ap) is isomorphic to

San—Qj(Q) X O(QB) = San—Qj(q) X ([qr(jﬂ’)] : (GLj—r(Q) X Of«(Q))) -0

Definition 3.2. Let r be even, 2 <r <n, e = +.
(i) Let » < j < n. We say that an FPj-module V' has property (W2) if all

Zj-characters that occur in the module V|z; belong to O; U <U0<S<r_1 o=t O?).

(ii) We say that an FG-module V has property (W?) if the FP;-module V satisfies
(Wg) for some j > r.

Definition 3.3. Let 2 <r <n.

(i) Let 7 < j < n. We say that an FP;-module V has property (W,) if all
Zj-characters that occur in the module V|z; belong to U< <, o—4 Of-

(i) We say that an FG-module V has property (W;) if the FP;-module V satisfies
(W) for some j > r.

We say that a Brauer character ¢ has property (W2), resp. (W,), if the same
holds for a module affording this character.

Lemma 3.4. Let V' be an FG-module.

(i) Suppose that r > 2 is even and the FPj-module V' satisfies (W:) for some
j >r. Then the FP,,-module V satisfies WZ) for every m > r.

(i) Suppose that r > 2 and the FP;-module V satisfies (W,) for some j > r.
Then the FP,,-module V' satisfies W) for every m > r.

Proof. (i) We may assume that P,, = Stabg({e1,...,em)r,). Then

Zm = Stabg (€1, .-y ny frnat, -5 [n)-

In particular, 71 < Zs < ... < Z,.
First we show that the FP,-module V satisfies (W¢). Assume the contrary: V

affords a character Ap lying outside of OZ U (UO<S<7"—1 —t O;’) Conjugating Ap

Zn

using L, we may assume that rad(¢s) = (fst+1,--.,fn)F,, Where s = rank(¢p).
Observe that either s > r, or s = r but ¢p has type —e. In either case we may
choose fi,..., f. such that ¢p is nondegenerate and of type —¢ on (f1,..., fr)r,. It
follows that gp restricted to (fi,..., fj)r, either has rank > r or has rank r but not
type €. Hence, Ag|z, cannot belong to O U (UO<S<7"—1 ot Og‘), a contradiction.

Now we may assume that for any Ap occurring in V|z,, either rank(gg) < r
or rank(gp) = r but ¢gp has type ¢ (on (f1,..., fn)r,). The same obviously holds
for the restriction of g to (fi,..., fm)r, for any m > r. Hence Ag|z,, belongs to

os U (Uoﬁsér—l, et O?), as desired.
(ii) Similarly to (i). d
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We will frequently use the following consequence of Lemma [3.41

Corollary 3.5. Let G = Spa,(q) and let H ~ Span,(q) be a standard subgroup of
G, where 2 < m < n. Assume ¢ € IBry(G) and € = £. Then ¢ satisfies (W5)
if and only if (W5) holds for |y (equivalently, if (W5) holds for all irreducible
constituents of o|m ).

Proof. We may assume that H = Stabg(em+1,---»€n, fm+1,---, fn). Consider
the parabolic subgroup P»(H) := Stabg((e1,e2)r,) of H. Then its subgroup
Zy(H) = O2(P2(H)) is exactly the subgroup Z, for the parabolic subgroup P»; =
Stabg((e1, e2)r,) of G. By definition, ¢ satisfies (W3) if and only if all Z;-characters
occuring in ¢|z, belong to Oy U O1 U 0. Hence the statement follows. O

The properties (W5") and (W, ) will play a central role throughout the paper.
It turns out that they are the local properties that distinguish low-dimensional
representations from the rest. Unlike the case of SL,(q), SU,(q) and the case of
Span(q) with ¢ odd, where Weil representations have degree < ¢™ and they are
the obvious candidates for low-dimensional representations, G = Spa,(q) with ¢
even does not have any nontrivial representations of dimension less than d(G) :=
(¢ — 1)(¢™ — q)/2(q¢ + 1) [LaS]. However, we can still introduce two classes of
irreducible complex representations of GG, which come from Weil representations of
SLan(q) and SUs,(q) and which we will call Weil representations of G.

We briefly recall the definition of complex Weil representations of S L, (¢). Con-
sider the permutation character 7, : g — |Cas(g)| = ¢@™a Ker0=1) of STy (q)

on the points of the natural module M := Fﬁ". It decomposes into irreducible
constituents as 2 -1 + Zi-];(? 7t where
, 12 ,
(1) T:z(g) _ = : 5zjqd1qu Ker(g—d67) _ 2(51',0
j=0

for any g € SLa,(q) (and Ker(g—47) is computed on M). The 78, 0 < i < g—2, are
the (irreducible) complex Weil representations of SLa,(q) (regardless if ¢ is even
or odd); cf. [Ge], [Hw1]. Formula () can be derived following the proof of [172]
Lemma 4.1].

We can embed G = Sp2,(q) in SLa,(g). Since the G-module M is self-dual,
dim Ker(g — ¢7) = dimKer(g — 6=7) for any g and j. It follows that

2 ta=1"1" g for 1 <i<gq-—2.
( " o q

It is known, see for instance [T], that the characters 7},|¢ with 1 <i < ¢/2—1 are
distinct irreducible characters of G (of degree (¢*" —1)/(q¢ — 1)), and we denote by
the same symbol 7¢. On the other hand,

3) Tolc = pn + 00,

where pl, resp. p2, is an irreducible character of G of degree (¢"+1)(¢"—q)/2(q—1),
resp. (¢" —1)(¢" +¢)/2(¢ — 1).

Next we briefly recall the definition of complex Weil representations of SUs, (q).
dime g Kerlo=) o STy, (q) (where Ker(g—1)
is the fixed point subspace of g on the natural module M = Fg?) One can prove

Consider the class function ¢, : g— (—¢q)
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(cf. [TZ2]) that ¢, decomposes into irreducible constituents as > ¢_ ¢}, where

(@ o) = g 3 B9 (g K

for any g € SUz,(q) (and Ker(g — &7) is calculated on M). The ¢}, 0 <i < q are
the (irreducible) complex Weil representations of SUs,(q) (regardless if g is even
or odd); cf. [Ge], [Hw1l, [S].

We can identify M with M ®r, Fg2 and embed G = Spay,(q) in SUz,(q) (cf. for
instance [KLi]). Since the G-module M is self-dual, it follows that dim Ker(g—¢&7) =
dim Ker(g — £77) for any g and j. It follows that

(5) Clg=Ccit- g for1 <i<gq.

As shown in [1], the characters (!|c with 1 < i < ¢/2 are distinct irreducible
characters of G (of degree (¢*™ —1)/(q + 1)), and we denote by the same symbol
¢t. On the other hand,

(6) €2|G =an + ﬂna

where o, resp. Gy, is an irreducible character of G of degree (¢"—1)(¢"—¢q)/2(g+1),
resp. (¢" + 1)(¢" + ¢q)/2(qg + 1). Observe that «,(mod¥) is irreducible, since its
degree meets the Landazuri-Seitz-Zalesskii bound d(G).

Definition 3.6. (i) The q/2 + 1 characters pl, p2, and 7/ with 1 <i < ¢/2 -1
are called (complex) linear-Weil characters of G. The nontrivial irreducible con-
stituents of reductions modulo ¢ of these ¢/2 + 1 characters are called linear- Weil
characters of G in characteristic £.

(ii) The q/2 + 2 characters a,,, B,, and ¢} with 1 <1 < ¢/2 are called unitary-
Weil characters of G. The nontrivial irreducible constituents of reductions modulo
£ of these q/2+2 characters are called unitary- Weil characters of G in characteristic
L.

(iii) In general, a Weil character of G is either a linear-Weil or a unitary-Weil
(Brauer) character.

WEeil characters behave well when restricted to certain naturally embedded sub-
groups:

Lemma 3.7. Let G = Spay,(q) and let p be a Weil character of G. Let H ~ Spay,(q)
be a standard subgroup of G, and let K ~ Spor(q'), where kl = n, be naturally
embedded in G. Let ¢ be any nontrivial irreducible constituent of p|g and let 1 be
any nontrivial irreducible constituent of p|k .

(i) Assume that p is a linear-Weil character. Then ¢, resp. 1, is also a linear-
Weil character.

(ii) Assume that p is a unitary-Weil character. Then ¢ is also a unitary- Weil
character. Ifl is even, then ¥ is linear- Weil, and if | is odd, then 1 is unitary- Weil.

Proof. Clearly, 7|z = ¢** 21, and (,|g = ¢*"2™(,n, whence the statements
. dimg , Ker(g—1
follow for ¢. Next, consider the characters 7, : g — (¢') ey Ker(g=1) ond

Cogt 9 (—ql)diqu” Kerlg=1) o K, which play the roles that 7,, and {, play for
G. Then 7, |k = Ty g, and (u|x = Ty o if 1 is even and ;o if I is odd. Hence the
statements follow for . O
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The following lemma is particularly useful in computing the values of Weil char-
acters at unipotent elements:

Lemma 3.8. Let g € G = Span(q) be any element and i > 0. If (lgl,a—1) =1,
then 7,(9) = p(9) + pi(9) + 1. If (g, ¢+ 1) = 1, then (;,(9) = an(g) + Balg) — 1.

Proof. Assume (|g|,q—1) = 1. Then dimKer(g—¢7) = 0 if j > 0. By () it follows
for any k that

dim Ker(g—1) -2 §jk
k q + Zj:l
=24 =-4
7 (9) k0t —1 k,0 T —1
Using this formula for k = 0 and for k = i > 0, we get 7(g9) — 7,,(9) = 1, which
yields the statement for 7;,(g) because of (3)). The proof for ( (g) is similar. O

qdim Ker(g—1) _ 1

4. CROSS CHARACTERISTIC REPRESENTATIONS OF SMALL GROUPS

In this section we consider the groups Sp4(q), Sps(2), and Sps(2).
The character table of Sps(q) has been computed in [E], and we will keep the
notation used there.

Proposition 4.1. Let G = Spy(q) and suppose that ¢ € 1Brg(G) satisfies (W5)
for some e = +. Then one of the following holds:

(i) @ is either trivial or a Weil character.

(ii)) ¢ = 2, £ = 3, e = +, and ¢ is the unique irreducible 3-Brauer character of
degree 6. -

(i) g =2, £ #3, e =+, and ¢ = x12(1) (of degree 10).
Conversely, if ¢ satisfies one of (i) — (iii), then ¢ satisfies (W5) for some e = +.

Proof. The Levi subgroup Ly = GL2(q) acts on Zf with three orbits of length
q—1, resp. ¢> — 1, (¢ — 1)(g — 1), whose representatives belong to class Asj, resp.
Ag, Asa, of G. On the other hand, Lo acts on IBry(Z5) \ {1} with three orbits, Oy,
OF, and O . Define

w1 = E a,w;: E Q, Wy = E Q.
ac0y acOy ac0y

It is easy to compute the character values of these three characters on @Qs:

1 A31 A2 A32
w1 ¢ -1 ¢ -1 -1 -1
wy [a(@®=1)/2] —qlg+1)/2] ql¢g=1)/2 [ —q/2
wy lalg—1)2%/2] —qlg—1)/2[ —qlqg—1)/2 | q/2

14+ b(x)wi + e(x)wy + d(x)wy , where

)
T { clx) = (x(1) + (¢ = Dx(A2) — x(Az1) — (¢ — D)x(As2)) /¢°,
d(x) = (x(1) = (a+ 1)x(A2) — x(As1) + (¢ + 1)x(A4s2)) /¢*.

Clearly, ¢ satisfies (Wj) if and only if d(¢) = 0, and ¢ satisfies (W, ) if and only
if ¢(p) = 0. Hence the proposition in the case of complex representations follows
from direct calculation using [E|. The irreducible Brauer characters of G are also
available from [Whil], and direct calculation proves the proposition in the modular

case. Observe that the character ¢ mentioned in (ii) is 65 + 1 — 05 — 03 — 0.

Therefore, x|z, = a(x
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For the converse, we apply (@) to the character . If g = (1;)2 ?) is any
2

2+dimKer(X) Tt follows that 7 takes value ¢2, resp.

element in Z3, then 72(g) = ¢
¢%, ¢%, on classes Asq, resp. As, Ass. Hence

(8) Tolz, = (2¢° = 1) -1z, + (¢ — Dwi + (2¢ — 2)w3 .
In particular, (W;") holds for 7. Similarly,
(9) Galz, =1z, + (¢ + Dwi + (20 + 2)w, -

In particular, (W5 ) holds for (2. Now if ¢ is trivial or a Weil character, then by

definition ¢ is a constituent of 73 or (2, and therefore ¢ satisfies (W5) for some
£. O

Corollary 4.2. Let ¢ € IBry(Spay,(q)) with n > 2. If ¢ is a linear- Weil character,
then ¢ satisfies (W5 ). If ¢ is a unitary-Weil character, then ¢ satisfies (W ).

Proof. Let G = Spa,,(q) and consider H = Stabg(es, ..., en, f3,..., fn). Then H ~
Spa(q). Moreover, if we consider the parabolic subgroup P (H ) := Stabg ({e1, e2)r,)
of H, then its subgroup Z;(H) := Oz(P2(H)) is exactly the subgroup Zs for the
parabolic subgroup P, = Stabg({e1, e2)r,) of G. Observe that 7,|z, = [ P
and (p|z, = ¢*"* - (2|z,. Hence (W) holds for 7, by (8), and (W, ) holds for ¢,
by (@). O

One of the main goals of the paper is to prove that the converse of Corollary
is also true (except for (n,q) = (2,2) and (3,2)).

Lemma 4.3. Let G = Sps(2) or Sps(2), and ¢ € IBr¢(G). Then ¢ satisfies (W5)
for some € = + if and only if one of the following holds:

(i) @ is either trivial or a Weil character.

(ii) G = Spe(2), e = + and ¢ = X1 (where x4 is an irreducible complex character
of G of degree 21 in the notation of [Atlas]).

Proof. Consider a standard subgroup H ~ Sp4(2). Then elements of class Ay, resp.
Asz1, Asz2, of H (in the notation of [E]) belong to class 24, resp. 2B, 2C, of G (in
the notation of [Atlas]). By Corollary 35, ¢ satisfies (W) if and only if (W)
holds for ¢| g, which is, by the virtue of (@), equivalent to

x(1) —3x(24) — x(2B) 4+ 3x(2C) = 0.
Similarly, ¢ satisfies (W) if and only if
x(1) +x(24) — x(2B) — x(2C) = 0.

Now the lemma follows from direct calculation using character values of G given in
[Atlas] and [JLPW]. (Note that in the case G = Sps(2), Proposition 5.7 (below)
implies that ¢ can satisfy (W5) only when for any nontrivial ()q-character A oc-
curring in ¢|q, , the inertia group Stabp, (A) fixes a subspace of dimension 1 on the
corresponding homogeneous component, and hence ¢(1) < 9180. Thus it suffices
to check the irreducible Brauer characters of degree < 9180.) g
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5. THE LOCAL PROPERTY (W)

Now we turn our attention to Q1. Clearly, )1 is elementary abelian. Next,
L, = L} x Ty, where L] ~ Spo,_2(q) and Ty ~ Z,—1. We will write elements of
Py = Stabg((e1)r,) with respect to the basis (e1, €2, ..., en, f2, ..., fn, f1). The con-
jugation by diag(1, X, 1), where X € Spa,_2(q), sends any [A, C] € Q1 to [X A, C],
and the conjugation by ¢, := diag(c, Ion—2, ") € Ty, where a € F}, sends [A, C]
to [aA, a®C]. The map [A, C] — C defines an L}-invariant nondegenerate quadratic
form on Q1 ~ anq. We recall the following

Lemma 5.1 (|[LaS| Lemma 2.2]). Let V' be an n-dimensional vector space over a
field By, ¢ = p’, and let F be an algebraically closed field of characteristic other
than p. If A is a nontrivial linear character of (the additive group) V over F, then
Ker(\) contains a unique hyperplane of V. O

Lemma[bTlimplies that Py acts on IBrg(Q1) with four orbits: {1¢, }, Oy of length
q®"~2—1, and O3 of length ¢"~1(¢" 1 +¢)(g—1)/2 for e = &. Here Oy is the set of
nontrivial characters that are trivial on Z; = Z(P]), and O§ consists of nontrivial
characters that are trivial on a hyperplane of type £ (with respect to the above
quadratic form). Denote Ky := Stabp, (\), Ix := Stabr,,()), Jx := Stabr, (). In
particular, Iy = Jy ~ 05, _5(q) for any A € O5.

Definition 5.2. Let V be any FG-module. We say that V has property W) if
for any nontrivial linear character A occuring in V|g,, all Iy-composition factors
on the A\-homogeneous component V) of V' are of dimension 1.

Even though property (W5) is more transparent than (W), it turns out that it
is more convenient to work with (W;) while classifying low-dimensional represen-
tations. In order to clarify the relationship between (W5) and (W:) we need some
auxiliary statements.

Lemma 5.3. Let x be any Brauer character of a subgroup I of a finite group
X. Then for any subgroup Y of X, Indy (x)|y contains the Brauer character

Indy ; (x|ynr)-

Proof. By Mackey’s formula, Ind;* (x)|y = Ztey\xﬂ Indy ;¢ (x*|lynre ), where It =
tIt~! and x!(x) = x(t"'xt). Hence the statement follows. O

Lemma 5.4. Consider the subgroup Zs of H = Sp4(q).

1 0 a O
. 01 00 . .
(i) Let A= { [a]1 := 00 1 0 |a€Fyp. If vis any FA-character which
0 0 0 1
is not trivial on A, then Indi2 (v) intersects all three orbits Oy, (’);’, and O of

Zy-characters.

1 0 0 a
. 01 a O . .
(ii) Let A = { [a]2 := 00 10 |a €Fy p. Ifvis any FA-character which
00 01

is not trivial on A, then Indi2 (v) intersects both orbits OF and Oy of Za-characters.
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1 0 a b

01 b b

(iii) Let A = < [a,b]3 := 00 1 0 |la=0,1, beF, p. Suppose that v
0 00 1

is any FA-character whose generalized kernel does not contain [1,0]3 and [0,1]s.
Then Ind%? (v) intersects the orbit OF of Zy-characters. If ¢ > 4, then Ind%?(v)
also intersects O, .

Proof. (i) Since v is not trivial on A, v contains a nontrivial A-character p : [a]; —
(=1)%%a/%2(9%) for some o € F?. Choose 3,7 € F, such that the polynomial at? +
vt 4 3 is irreducible over F,. Consider the Zy-characters \; = Ap, for i = 1,2,3,

where B = (g 8), By = (g é), B3 = (g g) Clearly, A;|a = p, whence

Indi2 (v) contains \; for i = 1,2,3. It remains to observe that \; € O1, Ay € OF,
and A3 € O .

(ii) Since v is not trivial on A, v contains a nontrivial A-character u : [a]z —
(—1)trFq/F2(“7) for some v € F7. Choose a, 3 € F, such that the polynomial at? +
vt + (B is irreducible over IF,. Consider the Zs-characters A; = Ap, for i = 1,2,
where By = <g g), By = (((J; g) Clearly, \;|4 = p, whence Indi2 (v) contains
A; for i = 1,2. It remains to observe that A\; € (’);|r and Ay € O .

(iii) Since the generalizer kernel of v does not contain [1,0]s, v contains an A-
character i : [a,b]s — (—1)"/%2("Y) for some € F,. Consider the Zy-character

AB, where B = (O 1

0 ~+2+1
and A\ € OF .

Next assume that ¢ > 4. Since the generalized kernel of v does not contain
[0,1]3, v contains an A-character p/ : [a,b]s — (—1)**+*%a/0 ®0) for some @ = 0,1
and B € Fj. Since ¢ > 4, there is an x € Fj such that trp sp,(z) = a. Let
Vo ={t+1t* |t € Fy}. Since [Va| = ¢/2 < q—2, there is a yo € F3 \ (1 + 27 V3).
Let y = ﬁyal/Q € F?. Then 3% = yyo ¢ y* + y*x~ 'V, Finally, let z = 3% — ¢°

). Clearly, Apla = p, whence Indi"’(y) contains \g,

and C = (g Z) The choice of z,y, z ensures that Ac|a = p/, whence Indi2 (v)

contains A¢. Claim that A\c € O;. Assume the contrary. Then there is some
s € F, such that zs? + ys + z = 0. It follows that zy=2(8% —y?) =t> +t € V; for
t=uxzsy~ ', ie. B2 €y?+ y?x~ Vs, a contradiction. O

Lemma 5.5. Consider the subgroup

Zs = Oa(Staby (e, .., ea)s,)) = {[X]4 - (% ‘;i) X e H4(q)}

of H = Sps(q), and let A = Stabyz,(fs). Suppose that v is any FA-character such
that Ker(v) # Ao, where Ag = {[X]s € A| X € H(q)}. Then Ind5*(v) intersects
at least one of the two orbits Of and O of Zy-characters.

Proof. Clearly, any linear character of A is of the form ¢ : [X]g— (—1)"Fa/z2 (Tr(CX))

for some C' € My(q) with the last column and the last row equal to 0. We may
also consider the corresponding quadratic form gc on (fi,..., fa)r,. Observe that
if rank(gc) < 1, then C' is diagonal and so Ker(uc) > Ag. Hence our assumption
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on v implies that v contains a character uc with rank(ge) > 2. We may choose

f3 such that f3 is contained in the radical of the bilinear form associated to gc.

Also, pc = per whenever C — C” belongs to H}(g) and has the last column and
a b 0 0

the last row equal to 0. Hence we may assume that C' = for some

c d 0 0
0 0 e O
0 000

a b 0 0
c d 0 0

a,b,c,d,e € Fy and b # c. Define B = 00 e 1| Then Ag|a = e, whence
0 0 0O

Ind%* () contains Ap. It remains to observe that rank(qp) = 4. O

Lemma 5.6. Consider the subgroup

2= On(Stabu(er,enea)s,)) = { ¥l = (5 1) 1X € Hala)}

of H = Spe(q), and let A = Stabz,(f3). Suppose that v is any FA-character such
that Ker(v) # Ao, where Ay = Stabz,(f1, f3). Then Ind%*(v) intersects the orbit
O3 of Zs-characters.

Proof. We assume that v contains the A-character pc: [X]s — (—1)%Fa/m (Tr(EX))
a b 0
for some C = | ¢ d 0], with Ag € Ker(uc). The last condition means that
0 0 O
d # 0. We may also consider the corresponding quadratic form g on (f1, f2, f3)F,-
a b 0
If rank(gc) = 2, i.e. b # ¢, then define B := [ ¢ d 0]. If rank(ge) = 1, i.e.
0 0 1
a 0 1
b= c, then define B:= [0 d 0]. In both cases, rank(¢gg) = 3, and Ag|a = uc,
0 0 O
whence Ind%? (v) contains Ag. O

Proposition 5.7. Let G = Spa,(q) with n > 3 and (n,q) # (3,2). Suppose that
an FG-module V' satisfies (W5) for some e = £. Then V also satisfies (Wh).

Proof. Assume the contrary. Then there is a nontrivial linear character A of @
such that I := Stabr,()\) has a composition factor of degree > 1 on Vj, the
A-homogeneous component of V. Clearly, V' contains the Pj-submodule V' :=
Y oveo Vv and VI = Ind?A(V,\), where O is the orbit containing A\ and Ky =
Stabp, (A). Consider the standard subgroup H = Stabg(es,...,en, f3,..., fn) =
Spa(q) of G and the subgroup Zs = Stabg(e1,ez) of H. Let K denote the kernel
of K on Vjy.

1) First we assume that A € O;. We will assume that P] = Stabg(es). Then we
may identify K NP] with Stabg(es, fa+ (e3)r,). In this case KxNZy = Stabz,(f2)
is the subgroup A defined in Lemmal5.4{(i). Assume V)| contains a nontrivial linear
character v. By Lemma E3, V'|z, contains Ind%?(v) (as Zo < Pj), and Ind%?(v)
intersects both O and O, by Lemmal[54(i). It follows that V' cannot satisfy (W5),
a contradiction. Therefore A acts trivially on V.
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We have shown that K > A. Observe that
KxN P =Q:Jy,

where Jy := Stabr;(\) = Stabg(es, f3, f2) plays the role of the subgroup P; in
the standard subgroup Stabg(es, f3) =~ Span_2(q). Next, Jy = [¢*" 73] : S, where
S = Stabg(ez, es, fa, f3) >~ Span—_4a(q). Clearly, A < KNS. Thus KNS is a normal
subgroup of S ~ Spa,_4(q) that contains a long root subgroup A. It follows that
K > S. Now KNJ, is a normal subgroup of Jy = [¢>" 3] : Spa,_4(q) that contains
Span—a(q). Since n > 3, this implies that K > Jy. Observe that Q1 acts on V)
as scalars £1, and I/Jy ~ Zq_;. It follows that all composition factors of the
Iy-module V), are of dimension 1, a contradiction.

2) Next we assume that A\ € OF for some a = +. We will assume that
Py = Stabg({en)r,). In this case Iy = O(Q) < Ly = Stabg(en, frn), where Q
is a quadratic form of type o on (e1,...,en—1, f1,..., fn—1)F, (and the associated

bilinear form is (-, -)).

Assume n > 4 or (n,a) = (3,4). Then we may choose ey, ea, f1, f2 such that Q
is totally singular on {eq, 62>]Fq. In this case, K N Z5 is the subgroup A defined in
Lemma B4|(ii). Assume V|4 contains a nontrivial linear character v. By Lemma
E3, V') 2, contains Ind%?(v) (as Zo < P}), and Ind%?(v) intersects both OF and Oy
by Lemma BA|(ii). It follows that V' cannot satisfy (W5), a contradiction. Therefore
A acts trivially on V). We have shown that K N I contains the subgroup A of
order g. Recall that Iy = 0%, _5(q) = Q5,,_5(q) : 2. We claim that K > Q% _,(q).
Indeed, if n > 4, then QF,_,(gq) is simple and it is the unique proper nontrivial
normal subgroup of I, whence K > 0%, _5(q). Assume (n,a) = (3,+). Since
(n,q) # (3,2), we have ¢ > 4. Now K N €} (q) contains the subgroup A N Qf (q)
of order at least 2, and QF (¢) = S1 x Sz with S; =~ SLs(q), whence K N Qf (q) is
either S, Sa, or S1 x So. But any element from O (q) \ 2 (¢) interchanges S; and
Sa, hence K > Qf (q) as stated. Now it is clear that all composition factors of the
I-module V) are of dimension 1, again a contradiction.

Assume that (n,a) = (3,—). Then we may choose ey, ez, f1, fa such that Q
has type —, resp. 4, when restricted to (e1, f1)r,, resp. (ez, f2)r,, and moreover
Qe1) = 1 and Q(e2) = Q(f2) = 0. In this case, K\ N Zy is the subgroup A
defined in Lemma [F4(iii). Let K* be the generalized kernel of K on V. Assume
K*NA=1. By Lemmal53] V'|, contains Ind%2(Vy) (as Zo < P}), and Ind%?(V3)
intersects both OF and O5 by Lemma [F4]iii) since ¢ > 4. It follows that V cannot
satisfy (W5), a contradiction. Hence K* N A # 1. Observe that SLs(q?) is the
unique proper nontrivial normal subgroup of Iy = Oy (¢) ~ SLa(q?) : 2, whence
K* > SLy(¢?), K > [K*,K*] > SLs(¢*). It now follows that all composition
factors of the Iy-module V) are of dimension 1, again a contradiction. O

Next we show that in general (W) implies (W5) for some € = =+.

Lemma 5.8. (i) Let g € Sp(M) = Span(q). Then there is a g-invariant quadratic
form on M (that is, polarized to the symplectic form (-,-) on M ).

(ii) Let x : 05,(q) — {£1} be defined by r(g) = (—1)3™a Ker@=D " Then k is
actually a group homomorphism, and Ker(k) = Q5,,(q).

Proof. (1) Let g = su, where s is the semisimple part and w« is the unipotent part
of g. By [SS| Lemma 4.1], there is a u-invariant quadratic form @ on M that is
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polarized to (-,-). Let N = |s|, and let Q(z) = Zf\i_ol Q(si(x)) for any x € M.
Then @ is g-invariant and polarized to (-,-) (since N is odd).
(ii) Cf. [Atlas, p. xii]. O

The map x defined in Lemma B:8[ii) is called the quasideterminant.

Lemma 5.9. Let G = Span(q) with n > 2, and consider a subgroup H = O3, (q)
of G for some a = . Let u be a linear character of H. If (n,q,a) = (2,2,4),
then assume in addition that u = 1g. Then u is either 1y or k. If uw = 1y, then
all G-composition factors of Indg(u) are linear-Weil modules and satisfy OF . If
u = K, then all G-composition factors of Indg(u) are unitary- Weil modules and
satisfy Oy .

Proof. We fix some notation: H, = 0%, (q), Ko = Q%,(q)-
1) First we consider the case p = 1y and prove the following formula:

(10) IndG, (1g,)+Indg (1g_ ) =7

For, the left-hand side of (I0) is exactly the permutation character of G' on the set
® of quadratic forms on M that are polarized to (-,-). Let g € G be any element.
By Lemma [5.8]i), g fixes a point Q € ®. Now g fixes Q' € @ if and only if g fixes
VQ + Q' € Homp, (M,F,) = M*. So the value of the left-hand side at g is the
number of g-fixed points on M*, and therefore it equals 7,,(g). By Corollary
7, satisfies (W), so we are done with the case yu = 1.

2) Now we assume that uy # 1gy. By assumption, in this case we have (n, ¢, a) #
(2,2,4). It follows that K, is perfect, so u = k. By Corollary it suffices to
prove

(11) Indg+ (K|H+) + Indg, (la_) = G-

In view of (), () is equivalent to the statement that the virtual character

b =T + o — (Ind?q(l;g) +Indf (1K7))

is 0.
First we show that ¢(g) > 0 for all g € G. Indeed, assume d, := dimp, Ker(g—1)
is even. Then

7(9) + Cal9) = 2% = 27(g) = (A%, 2+ 1s,) +Ind_(2- 1)) (9)
(because of ([[0))
> (I, (1xe,) + df_(1x)) (9)
(as (Ha @ Ko) = 2), whence ¢(g) > 0. Assume dg is odd. Then g cannot be
contained in any G-conjugate of any Ky by Lemma B.g[ii), so
(d, (15c,) + Ind§_(1x)) l(g) = 0.

Also, 7,(9) + Ca(9) = g% + (—¢)% = 0, whence ¢(g) = 0.

Since 7, resp. (,, contains 1¢ with multiplicity 2, resp. 0, (¢,1g¢)g = 0. The
latter formula, together with the above statement that ¢(g) > 0 for all g € G,
implies that ¢ = 0. (]
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Lemma 5.10. Let G = Span(q) with n > 2, (n,q) # (2,2), (3,2). Let p be a
linear character of P{. Then p = 1p;, and all G-composition factors of Indg{ ()
are linear-Weil modules and satisfy OF .

Proof. Since n > 2 and (n,q) # (2,2), all P{-orbits on IBry(Q1) are of length > 1.
Hence Ker(u) > @1 by Clifford’s Theorem. Next, our assumption on n,q implies
that Pj/Q1 = Span—2(q) is perfect. Thus p = 1p;, whence Ind‘;{ (W) = 7 — 1a,
and so we are done by Corollary [£.2l O

Recall that I = Stabr,(A) and J\ = Stabr; (M) for any A € IBry(Q1).

Theorem 5.11. Let G = Spay(q) with n > 3, (n,q) # (3,2), (4,2), and V a
nontrivial irreducible FG-module. Suppose that V satisfies (Wy). Then exactly one
of the following holds:

(1) If A is any nontrivial linear Q1-character occurring in Vg, , then A € OF U
Oy, and I = OF, ,(q) acts via the character k on the homogeneous component
V. Furthermore, V' satisfies W5 ).

(ii) If A is any nontrivial linear Q1-character occurring in Vg, , then all com-
position factors of the Jy-module Vi are trivial. Furthermore, V satisfies (Wy).

In particular, (Wr) implies (W5) for some e = +.

Proof. 1) Define V; = Z)\eol W, V5 = EAeog Vi, where V) is the A-homogeneous
component of Vg, for any A € IBry(Q1). Since L; is transitive on each of these
orbits Oy, 0§, the Li-module Vi, resp. Vi, is Indf;(V,\). Observe that L; =
L} X Zg—1. Moreover, L} acts transitively on O, meanwhile each O splits into

q — 1 Li-orbits. It follows by Mackey’s formula that V; = Ind{}i (Va) and V5§ =
g—1 Tnd%? Vi) as L}-modules.
( J 1

By assulrilption7 all Jy-composition factors on V) are of dimension 1. Consider
any A € 05. Then Lemma 5.9 implies that the Brauer character of Jy = O5,,_5(q)
on V) is ac - 15, + b, - & for some ag, b € Z, and all L)-composition factors of V5 are
(linear or unitary) Weil modules. Next let A € O;. Then Lemma[5.10] implies that
the Brauer character of Jy on Vy is ¢- 1, for some ¢ € Z, and all L}-composition
factors of V; are linear-Weil modules.

Observe that V = Oy (Q1) @ V1 @ V," @V, as a Pi-module. By Lemma 1] all
L}-composition factors of Cy (Q1) are also Weil modules.

2) Let 20, resp. 2_, be the set of all linear-Weil, resp. unitary-Weil, irreducible
Brauer characters of L] together with the trivial character. Observe that if p €
20, N2 _, then p is trivial. Indeed, p satisfies both (W) and (W, ) by Corollary
2. Hence, if Z5 is a standard subgroup of type Z for L], then all Zs-characters
in p|z, are contained in the orbit O;. It follows that Ker(p) contains the subgroup
{[0,C] € Zy | C € HY(q)} of order ¢, and so p is trivial by irreducibility. Notice
that we have used the assumption n > 3 here.

Given any FL}-module M and any family X of simple L}-modules, there is a
largest submodule M (X) of M with all composition factors belonging to X; cf.
[GMST!), Lemma 4.3].

3) Let A € O5. Then I, = Jy = 05,,_5(q), and the perfect subgroup 95, _5(q)
of Jy acts trivially on V). Also, 1 acts scalarly on V) (via the character \).
Hence, the Ky-module V) is semisimple, where K := Stabp, (\). In particular,
Vi = V)\+ ®V, , where V)\"’7 resp. Vy , affords the Jy-character a. - 1;,, resp. b; - k.
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Let T = [V,Q1], Ty = Vi @ Indng Vi e Indfgz Vi), T- = Indng Vi) @
IndfgA2 (V/\;), for fixed A\ € O;r and Ap € O; . Then T'=T, & T_ as P;-modules.

Claim that T'(204) = T4+. Indeed, T(24) 2 T4 by Lemmas and
Assume that T'(20;) # T4. Then T_ ~ T/T, contains a simple L}-submodule
with character p € 20,.. On the other hand, the construction of T_ implies by
Lemma that p € 2_. Hence p = 11, according to 2). Thus 7_ contains the
trivial Lj-module as a submodule. We may therefore assume that

0 # Homp, (1L/1 , Indgii (n)) ~ Homy, (14, ,%)

for some i = 1 or 2. But the last hom-space is 0 as Jy, = 0%, ,(¢q) and K = —1 on
0% ,(9)\ 9%, 5(q), a contradiction.

Thus T'(204) = T4; in particular, T'(20,) is P;-stable.

4) Let U = Cy(Q1). Since Q1 acts trivially on U and L1 = L} X Zq—1, U(2W4)
is also Pj-stable. It follows that V(20,) = T(204) @ U (2 ) is Pi-stable. On the
other hand, it is clear that V(20 ) is stable under a standard subgroup S := Sp2(q)
that centralizes L. Consequently, V(204 ) is stable under (P;,S) = G, and so
V(21) =0 or V by irreducibility.

Assume V(20;4) = 0. Then V4 =0 and a. =0 for all e = . Also, T =T_, and
so all L{-composition factors of T' are unitary-Weil modules. The same holds for
U as well by Lemma[2l Hence the Lj-module V satisfies (W, ) by Corollary E.2]
and (i) holds.

Assume V(20;) = V. Then 7_ = 0, and b, = 0 for all e = +. Also, all L}-
composition factors of V' are linear-Weil modules. Hence the L}-module V satisfies
(W5) by Corollary 2} and (ii) holds.

Finally, the argument in 2) (applied to G in place of L}) shows that exactly one
of the cases (i), (ii) holds for V, since V' is nontrivial. O

Let b°(n, ¢) denote the improved Landazuri-Seitz-Zalesskii lower bound for faith-
ful FQS,, (¢)-representations as stated in [Hol. In particular,

(" +1)(¢" ' —q)
-1

if n > 4, except for (n,q) = (4,2), (4,4), (5,2), where one has to decrease the
bound by 2. Define

b= (n—1,q)-¢""H(¢"" = 1)(¢—1)/2, ifn>5,
o9 :{ (q4—1)(qg—ql)q2,q ' if n =4.

b~ (n,q) = -1

Observe that
4n—6

o(n,q) = T~ (1—3+0(i2)>

q
provided that n > 5.

Theorem 5.12. Let G = Spap(q) with n > 4 and (n,q) # (4,2), (5,2), and let
V € IBry(G). Then either dim(V) > d(n,q), or V satisfies (W1).

Proof. Assume the contrary: dim(V) < d(n,q), but V violates (W;). Then there
is a nontrivial linear character A of Q1 such that I has a composition factor of
dimension > 1 on the homogeneous component V) of V.
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First assume that A € O5. Then Iy = Q5,,_,(q) : 2 and Q5,,_5(g) is simple since
n > 4. The assumption on A implies that dim(V') > |O5| - b°(n — 1,q) > ?(n,q), a
contradiction. Hence A € O;.

Define t = 4 for n > 5 and ¢t = 3 for n = 4. Consider the standard subgroup

H = StabG(etJrlv <e+yEn, ft+17 . 7fn) ad Sp2t(Q)

of G and the subgroup Z, = Staby(es,...,e:) of H. Let K denote the kernel of
Ky := Stabp,(A\) on V). We will assume that P| = Stabg(et+1). Then we may
identify K N P| with Stabg(ety1, fi + (er41)F,). In this case Kx N Z; = Stabz, (f;)
is the subgroup A defined in Lemma [E.5] when n > 5 and in Lemma [5.6] when
n = 4. Assume the subgroup Ay of A (as defined in Lemma [5.5 respectively in
Lemma [5.6) does not act trivially on Vy. By LemmaE3 V|z, contains Ind%* (V3)
(as Z; < P}), and Ind%*(V}) intersects some orbit Of of Z;-characters, according to
Lemma .5, respectively Lemma [5.6. In other words, the FP;-module V does not
satisfly (W;—1). By Lemma [34[ii), V|z, does not satisfy (W;—1). In other words,
V|z, affords some orbit Of of Z,,-characters, with s > ¢. Observe that

07 <105 < |05] < ... <|Ox|
if ¢ > 4 or if n is odd, and
07| <105 < ... <0, | <min{|O; 4,105 [}

if ¢ = 2 and n is even. Since we are assuming (n,q) # (4,2), it follows that
dim(V) > |0F| > 0(n,q) if n > 5, and dim(V) > |Os| = d(n,q) if n = 4, again a
contradiction.

We have shown that K > Agp. Observe that Ky N P} = Q1 : Jx, where Jy :=
Stabp; (\) = Stabg(ety1, fi+1, f) plays the role of the subgroup P/ in the standard
subgroup Stabg(eit1, fi41) =~ Span—2(q). Next, Jy = [¢*" 73] : S, where S =
Stabg(et, ery1, ft, fr+1) = Span—a(q). Clearly, Ay < KNS. Thus KNS is a normal
subgroup of S ~ Spa,_4(q) of order > |Ag| > ¢. Since n > 4 and (n,q) # (4,2), it
follows that K > S. Now K N.J, is a normal subgroup of Jx = [¢*" 3] : Spa,_4(q)
that contains Spa,_4(q). Since n > 4, this implies that K > Jy. Observe that Q1
acts on V) as scalars 1, and I/Jy ~ Z,_1. It follows that all composition factors
of the Ix-module V) are of dimension 1, contrary to the choice of A. O

Remark 5.13. Theorem remains true for (n,q) = (5,2) if we set 9(5,2) =
05| - b (4,2) = 3808.

6. LOW-DIMENSIONAL COMPLEX REPRESENTATIONS OF Spa,(q)

Irreducible complex representations of G = Spa,(¢) have been classified up to
degree (¢*™ —1)/2(q + 1); cf. [TZT, Theorem 5.5]. In this section we extend this
classification up to degree (¢*"—1)(¢"*—1)(¢"*—¢*)/2(¢*—1) (generically). Since
the argument is pretty much the same as in [TZ1], we will only sketch the proof.
Since q is even, we may identify G with its dual group. Lusztig’s classification of
irreducible characters of G [L] parametrizes x € Irr(G) by a pair ((s), xu ), where (s)
is a G-conjugacy class of a semisimple element s € G and x,, is a unipotent character
of Ca(s). In this case x(1) = (G : Cg(s))2 - xu(l). Furthermore, unipotent

. A o . .
characters of G are parametrized by symbols B of a certain kind as explained in

[C] §13.8].
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Theorem 6.1. Let G = Span(q), n > 1, and let x € Irr(G).
(A) Suppose n >3 and x is unipotent. Then one of the following holds:
(A]-) X € {]—G;anvﬂnap}mpi}'
(A2) n =3, ¢ = 2, and x(1) is at least ¢*(q — 1)*(¢*> + q + 1)/2, which is the

degree of the unipotent character labelled by (O 112 3).

(A3) n =3, ¢ > 2, and x(1) is at least ¢*>(q* + q* + 1), which is the degree of the
unipotent character labelled by (n0—21>

(Ad) n >4, and x(1) is at least (¢*" —1)(¢"~* = 1)(¢" " — ¢°)/2(¢* — 1), which

is the degree of the unipotent character labelled by 02 ﬁ_ 1

(B) Suppose x is not unipotent. Then x(1) > (¢** — 1)/(q + 1). Moreover, if
n >3 and (n,q) # (3,2), then one of the following holds:

(B) x(1) = (¢** = 1)(¢**? = 1)/(¢* = 1)(g + 1).

(B2) x € {7, [1<i<¢q/2-1}U{¢, [1<i<q/2}.

(B3) n=3,4, x(1) ==, (¢" +7%), v = £, and x is parametrized by ((s),1¢c),
where C := Cg(s) ~ GLY(q).

(B4) n=5, x(1) = H?Zl(qi + (=1)%), and x is parametrized by ((s), 1¢c), where
C :=Cg(s) ~ GUs(q).

(B5) n >4, ¢ =2, x(1) = (¢*" = D(¢"' ="' —79)/2(¢* — (g + 1),
v = =%, and x is parametrized by ((s), xu), where Cg(s) =~ Zgy1 X Span—2(q) and
Xu=1® an_1, resp. 1 ® Bn_1, for v =+, resp. fory=—.

Proof. (A) Assume that x is unipotent. Define
D(n) = (¢"" = )(¢" " = 1)@ " —¢*)/2(¢" ~ 1)
when n > 4 and D(3) = ¢*(¢* + ¢*> + 1). Notice that D(n)/D(n — 1) < ¢° and

D(n) < ¢*5/2, provided that n > 4. Also, D(n) > ¢**5/2 if n > 8 and
D(n) > ¢*=7/2 if n > 5.

1) First we observe that the unipotent characters labelled by <ﬁ) , Tesp. <O in) ,

(Onl), (1071)7 (0171)7 have degree 1, resp. a,(1), B.(1), pL(1), p2(1). Let L,

be the set of these five symbols. We will actually prove by induction on n > 3
and (n,q) # (3,2) that if x = x* with (2) ¢ L,, then x(1) > D(n). The

induction base n = 3 can be checked using [Ln], and the case (n,q) = (4,2) can be
checked using [Atlas|. So for the induction step we will assume that n > 4 and that

(n,q) # (4,2). Assume that x is the unipotent character y** labelled by (2) =

A A2 Az ... A
p1 p2 .. b
is odd and positive, (A1, u1) # (0,0), and

Z:Aﬁz]:uj— (LZ_I)Q] =n.

“), where 0 < A\p < Xo < ... <A, 0< iy <o <...< pp,a—b
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The integer n is called the rank of <2> We will assume <2> ¢ L, and proceed

by induction on b.

2) Here we consider the case b = 0. Then a > 1 is odd. We may assume that
a>3,and A # (0,1,n), (0,2,n —1).

First we assume that a = 3. If \y = 0, then A = (0,k,n + 1 — k), where
3 <k < (n+1)/2; in particular n > 6. It is easy to check that x(1) > D(n) in
this case. If Ay > 1, then x(1) > ¢*"=%/2 > D(n), cf. [TZ1, p. 2119]. Now we may
assume that a > 5.

Suppose A1 > 1. Consider the unipotent character x’ labelled by the symbol

I
(2,) of rank n — 1, where N = (A; — 1,q,...,\,), and g/ = p. Observe that

x(1)/x' (1) > ¢?™=2) /2. But n — A\ > (a — 1)\ + (a® —1)/4 > 10, and x'(1) >
D(n—1) by induction hypothesis. It follows that x(1) > ¢'*D(n—1) > D(n). Now
we may assume that A\; = 0.

Next we assume that A; — \;_1 > 2 for some ¢ > 2. Consider the unipotent char-
/

acter ¥’ labelled by the symbol <//>> of rank n — 1, where N = (Aq, ..., N\i—1, A —

1, A\ig1,---5Aa), and g/ = p. Observe that x(1)/x'(1) > ¢*™=*) /2, and n — 1 > 6.
By induction hypothesis, x’(1) > D(n — 1). Hence, if n — X\; > 3, then x(1) >
@®D(n —1) > D(n). If n— \; <2, then actually i = a =5, A = (0,1,2,3,n — 2)
and so x(1) > D(n).

Now we may assume that A = (0,1,2,...,a — 2,a — 1). Consider y' = X’\/”‘l,
where N = (0,1,2,...,a —4,a — 3), and p' = p. Then x(1)/x’(1) > ¢*"~2, and so
x(1) > ¢*"=2 > D(n).

3) From now on we may assume that b > 1. At this point we suppose that
(A, 1) # (1,0) and Ay > 1. Consider the character x’ labelled by the symbol
/
2, of rank n — 1, where N = (A — 1, M,..., ;) and ¢/ = p. Ifn—X <2
A 23
then n = 4, i =15 and so x(1) > D(n). Assume n — Ay > 3. Then
I
x(1)/X'(1) > "= /2 > ¢5. In the case (2,) € L,-1 one can easily check that
/
x(1) > D(n). If <2,> ¢ L,_1, then x'(1) > D(n — 1) by induction hypothesis,

whence x(1) > D(n).
Similarly, for (A1, p1) # (0,1) and w1 > 1, we consider the character x’ labelled
!

by the symbol 2, of rank n — 1, where N = X and ' = (p1 — 1, pa, ..., fip)-

If n — py < 2, then one directly checks that x(1) > D(n). Assume n — pu; > 3.
/

Then x(1)/x'(1) > ¢*"=#1)/2 > ¢°. In the case (2,) € Lp_1, x(1) > D(n) also

!
holds. If (2,) ¢ L,_1, then x'(1) > D(n — 1) by induction hypothesis, whence

x(1) > D(n).
It remains to consider the case where {1, 1} = {0, 1}.
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4) Here we suppose that (A;,p1) = (1,0) but A # (1,2,...,a). Then there
exists an i > 2 such that \; > \;_1 + 2. If a = 2, then 2) € L,, hence

/

a > 3. Consider the character x’ labelled by the symbol <//>) of rank n — 1, where

/
N=(A1, N1, A — 1, Aig1,- ., \), and p/ = p. Since a > 3, (2,) ¢ L,_1 and
(1

so X'(1) > D(n — 1). Observe that x(1)/x ( ) > @2t jor of. [TZ1) p. 2121].
Therefore, if n — \; > 2, then x(1)/x/(1) > ¢° and we are done. Assume n—\; < 1.
Theni=a > 3. If n — A\, =1, then for n > 5,

x) _ -1 I ¢ — g 1 ¢ +g"
X/(l) q2/\,,, -1 i q)\a,—l _ q)"i’ ]‘ q)\a,—l + gt

S q n_ 1 qn 1_q qnl q qn—1+1
—q2n 2_1 qn 2_q qn 2_q qn72_’_1

?

and x'(1) > D(n — 1), whence x(1) > D(n). Assume that n < A,. Then <2> —

1, 2, 1, n . A 12n
0,1 a_2>w1thn A >a+1>4 Ifa 3,then<u) <01>,

x(1) > D(n). Assume a > 4. In this case

1:[ "-¢ "+
e} n 1 _ qj qnfl + qul
qg"+1 -1 a
L@@ ) s

("= = D=+ 1)

and we are again done.
Similarly, suppose that (A1,p1) = (0,1) but p # (1,2,...,b); in particular,
b > 2. Then there exists an index j > 2 such that p; > p;—1 + 2. Consider

!/

the character x’ labelled by the symbol (2,) of rank n — 1, where A’ = X\ and

. N
W=, =1, 5 — 1, g, .o, ). Since b > 2, (Hl> ¢ L,-1 and so x'(1) >

D(n —1). Observe that x(1)/x'(1) > ¢>"~#5 1 /2; ¢f. [TZI, p. 2122]. Therefore,
if n —p; > 2, then x(1)/x'(1) > ¢° and we are done. Assume n — p; < 1. Then
j=b. If n—pp =1, then (A1, A2) = (0,1),

x1) ¢ -1 H ¢+ g H .

XM qQ’“ -1 g+ gt

n_1 qn 1+1 qn 1+q qn l_q
*an 2_1 qn 2+1 qn 2+q qn Z_q

qlf«b 1 _ ql‘«J

and x’'(1) > D(n — 1), whence x(1) > D(n). Assume that n < up. Then (2) =

0,1, 2 ... ,a—2, a—1 . B B B
( 1,2, ...,a=2, n )Wlthn—ﬂbzaandb—a—l- If a = 3, then
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(2) = <011n2>’ and x(1) > D(n). Assume a > 4. In this case

x(W)/x'(1) =

=0

"¢ T - (" + D@ 1)

2a—3 5
= - = > >
qn—l + qz pale qn—l _ qz (qn—a 1)(qn_a+1 . 1) q =2 4q,

and we are again done.

5) Here we suppose that g1 = 0 and A = (1,2,...,a). Then consider the char-
acter y’ labelled by the symbol

<X>_<012 a>
W H2 p3 .- Hp
)\/
of the same rank n, but with the parameter ¥ = b — 1. If (W) € L,, then

¢ L,. Then x'(1) > D(n)
cf. [TZ1 p. 2122]), so we

(2) = <1On) € L, and so we are done. Assume (

by the induction hypothesis (on b). But x(1) > x/(
are done again.

Similarly, suppose that \y =0, p = (1,2,...,b), but A # (0,1,...,a — 1). Then
there exists an 4 > 2 such that A\; > \;_1 + 2. Consider the character x’ labelled

!/

by the symbol (2,) of rank n — 1, where X = (A1,..., N1, M — 1, A1, -+ -5 Aa),

\
'
1) (

1
we may assume that x’(1) > D(n — 1). Observe that x(1)/x/(1) > ¢?(»=*)+1/2;
cf. [TZ1, p. 2123]. Therefore, if n — \; > 3, then x(1)/x’(1) > ¢° and we are done.
Assume n — \; < 2. If i < a — 1, then the last condition implies that i = a — 1 and
(Ma—1,2a) = (n —2,n — 1), whence

/
and ' = p. If (2,) € L,,_1, then <2> = (0 n> € L,, and so we are done. So

x() -1 e —gh I - 1T g + gt
Xl(l) q2)\7; —1 qka _ q)\i—l b q)\i—l _ qki/ j qk,‘,—l + qp,j
n

-1 _ qn72 qn72 -1 qn72 +q 5

2n
—1
q q > &,

A gl g3 g3 1 ¢34y

and so we are done. Now we may assume that ¢ = a and (A1,...,Aq—1) =
(0,1,...;,a —2). If a = 2, then (2) = (Oln) € L,, so we may also assume
that a > 3. If n — A\, > 1, then

2n a—2 3 i’ b A j
g —1 g —q g +q’ 5
X(l)/X,(l) = : — 7" — - >q°,
q2)\” -1 ,Lll;[() q)‘“ 1 _ qz 31;[1 q)\” 1 + q]

and we are again done. Assume n < \,. In this case n = Ay > a. If a = 3,4 then

(2) = <0112n>7 (O 112 n), or (01122371)7 whence x(1) > D(n). If a > 5, then

-1 d"-q "-¢ ¢"-¢ d"+a _
qnfl_]_ qnfl_q qnfl_q2 qnfl_q3 qnfl_’_q g

and we are again done.

x(D)/X'(1) =



4992 ROBERT M. GURALNICK AND PHAM HUU TIEP

6) Finally, we consider the case where <2> = (07 1£ 227 ,ab_ 1>, Consider
! J—
the character x’ labelled by the symbol (2,) = (0’11’22’ l;a_ 1 2) of rank

/

n — 1. Observe that (2,) ¢ L,—1, whence x’'(1) > D(n — 1). On the other hand,

?ic(l,)/ici’(l) = ¢3¢ = 1)/(@" = )(¢" " +1) > (¢*" — 1)/q, s0 x(1) > D(n) as

(B) We proceed by induction on n. The case n = 1 is trivial. The case n = 2
can be checked using [E], and the case (n,q) = (3,2) follows from [Atlas|]. Hence
for the induction step we may assume that n > 3 and (n,q) # (3,2). Assume
that x is labelled by ((s), xu), where C' := Cg(s) is not equal to G. Set E(n) :=
(@ = D@2 -1)/(¢® - 1@ +1).

1) One can show that C' = D x Spay,(q), where D ~ szl GLg: (%), a;, k; €N,
a; =+, m<n,and m—+ Zle k;a; = n. Here we consider the case m > 1. Clearly,
(Span—2m(q) : D)2 is at least the smallest nonunipotent degree of Spay—am(q),
which is (¢>*~2™ —1)/(q + 1) by induction hypothesis. Hence

X(l) > (G : 0)2’ = (G : (Sp2n—2m(q) X Sme(q)))Q' : (Sp2n—2m(Q) : D)Q’
2n—2m _ 1 ™ q2(n—i+1) -1

>q -
qg+1 g% —1

i=1
In particular, if 1 < m < n — 2, then x(1) > E(n). Assume m = n — 1. Then
D ~ Z,_p with § = £. Observe that there are exactly ¢/2 — 1, resp. ¢/2, G-
conjugacy classes of such elements s for § = +, resp. for § = —. If x,, (1) = 1, then
x(1) = (¢* — 1)/(g — B). Assume x,(1) > 1. Then

Xu(1) 2 (6" = 1)(¢" ™ = q)/2(g +1)
by [CaS]. It follows that x(1) > E(n) if n > 3 and ¢ > 4, or if n > 4 and
D = Z4—1. Assume that n > 4 and (q,D) = (2,Z¢+1). According to part (A),
either x, (1) = (¢" ' —7)(¢" ! —vq)/2(q+1) for some v = + (and there is exactly
one such a character for each ) or x,(1) > (¢** 2 —1)/(¢*> — 1). In the former
case (B5) holds, and in the latter case x(1) > E(n).

Now we may assume that m = 0; in particular, C = D.

2) Assume n = 3; in particular, ¢ > 4. If D # GLJ(q), then x(1) > E(n).

D = GL}(q). In this case, if x,,(1) > 1, then x,(1) > ¢+ 1 and so x(1) > E(n )
Xu(1) = 1, then (B3) holds.

Assume n = 4. If D # GL](q), then x(1) > E(n). So D = GL](q). In this
case, if x, (1) > 1, then x,(1) > ¢+ 1 and so x(1) > E(n). If x,(1) = 1, then (B3)
holds.

Assume n > 5. If D # GU,(q), then one can check that x(1) > E(n).

D = GU,(q). In this case, if x,(1) > 1 or if n > 6, then again x(1) > E(n)
Xu(1) =1 and n = 5, then (B4) holds.

(C) We have completed the proof of Theorem Bl except that we have not
identified the set {x™* | (2) € L,} with {1g, an, Bn, pL, p2} and the set of ¢ — 1

non-unipotent characters of degree (¢*"—1)/(q41) with {72 | 1 <i < ¢/2—1}U{(} |
1<i<q/2}. If (n,q) = (3,2) or (4,2), then this identification can be established
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using [Atlad). Assume n > 3 and (n,q) # (3,2), (4,2). Then these characters
are exactly those of degree < (¢?" — 1)/(q — 1), and this identification follows
immediately by degree comparison. O

Theorem immediately yields the following bound result:
Corollary 6.2. Let G = Spa,(q) with n > 3 and (n,q) # (3,2). Let
(¢ —1)(¢® + 1)(¢* — 1), n=3,
D n, = n n— n—
(m.9) { (@ =D =1 = ¢*)/2(¢" - 1), n>4
Then for any x € Irr(G), either x(1) > D(n,q), or x is one of the ¢+ 4 characters
1G7 Qn, Bn; p}w Pi; ;;17 Tril' U
Notice that D(n,q) = %q‘l”_ﬁ (14 q¢*+0(qg7%)).
Corollary 6.3. Let G = Spa,(q) with n > 3 and (n,q) # (3,2). The semisim-
ple characters labelled by s = diag(67,677,I2,—2) with 1 < j < q/2 — 1 are ex-
actly the characters 5. The semisimple characters labelled by s € G conjugate to
diag(&7,679, I, —2) with 1 < j < q/2 are exactly the characters ..

Proof. Degree comparison using Theorem [E.1]B). ([l

7. DUAL PAIRS AND BRANCHING RULES FOR WEIL REPRESENTATIONS

7.1. The dual pair Spa,(q) x O (¢). We recall the construction [T] of the dual
pair Span(q) X Oy (q) in characteristic 2. Let U = F}, = (a1,. .., an)r , be endowed
with standard Hermitian form o (that is, semilinear on the first component and that
has I,, as a Gram matrix in the given basis). Let @ = o for any o € F2, and

U = Z?zl @;a; for any u = Z?:l aza; € U. We can define two nondegenerate
symplectic forms, one on the Fy-space U: (u,v) = wov+vowu, and another on the
Fo-space U: (u,v) = trg_/r,((u,v)). Next we consider
E=C7 = (e, |ueUec.

The dual pair Spa,(q) x O3 (¢) will be defined inside GL(E). For each v € U
consider the following elements of GL(E):

fo @ ey (—1)<“’”>eu, ty @ €y eyt
Then P := (f,,t, | v € U) ~ 21+4"/ is an extraspecial 2-subgroup of GL(E). Let
N:={X € GL(E) | XPX ' =P, det(X) = +1}.
It is known that N'/Z(N)P > sznf(Z) contains canonical subgroups H ~ GUa,(q)
and S ~ Spa,,(q). In particular, if g € Span(q) = Sp(U, (+,-)), then gf,g~! = fo(u)s

gtug~! = Lg(u)- Let ﬁ, resp. §, be the complete inverse image of H, resp. of S, in
N. Fix 0 e Fe. of order g + 1, and consider the following two elements of N:

P ey — egy, J ey eg.
Clearly, D := (9,3) ~ O; (q). It is shown in [T] that C5(d,5) = Z(N) x S, where
(12) S = C5(9,5)>) =~ Span(q),

provided that (n,q) # (1,2), (2,2), (3,2), (1,4). The subgroup S x D is the desired
dual pair Span(q) x Oz (¢). On the other hand, under the same assumption on
(n,q), C7(9) = Z(N) x H, where H = O*(C(9)) ~ GUan(q). The subgroup
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H x (9) forms the dual pair GUa,(q) x GU1(q); these two dual pairs H x (¢) and
S x D form what is called a pair of see-saw dual pairs in the terminology of Kudla
Kul.

Let w,, denote the character of S x D acting on E. It is also shown in [T] that
wnls = ¢, and moreover one can label the irreducible characters of D as § = 1p,
a of degree 1, and v;, 1 <14 < ¢/2, of degree 2 such that

q/2
(13) wnlsxp =0 @a+ B, @B+ (O

i=1

Assume ¢ > 8, and let k,l € N be such that k + 1 = n. We can repeat the above

construction but with n replaced throughout by k, resp. by [, and subscript 1, resp.
2, attached to all letters U, E, P, N/, S, D, ¥, and j. Thus we get the dual pair
S1 x D1 =~ Spar(q) x Oy (q) inside GL(E,) with character wg, and the dual pair
Sy X Dg =~ Spai(q) x Oy (q) inside GL(E2) with character w;. Now we can identify
U with Uy @ Us. This in turn identifies E with Fy ® Es, P with P; ® P», 9 with
91 ® 92, j with j; ® j,. This identification also embeds N7 @ N in N, §; x Sy in
S, and §1 X §2 inS. Suppose g1 € S1 and g € So. Then g; ® go centralizes both
9 and j, and belongs to S. Tt follows by ([2) that

S1x Sp = (S1 x 8)>) < C4(09,5)>) = 5.
Moreover, if g := g1 ® ga, @ := 9°5° (for some a,b € Z), then
g = (01 ® 92)" (5, @ 4)" (91 ® g2) = 994191 ® V35392 = 2191 © w200,

where 1 = 9955, 2o = 9355, Taking trace and identifying z;, zo with 2 (which
causes no loss in computing wy,, wk, and w;) we obtain

Lemma 7.1. Let ¢ > 8 and let Spai(q) X Spai(q) be a standard subgroup of Span(q)
with k +1 = n. Then wy(zg) = wi(zgr) - wi(xge) for any x € Oy (q) and any
9= (91,92) € Spar(q) x Spa(q). 0

Proposition 7.2. Let S = Spa,(q) with n > 3 and let H = Span—2(q) be a
standard subgroup of S. Then

q/2 q/2
an'H = qap—1 + (q - 1) ZCS—M ﬁan = Qﬁn—l + (q - 1) ZCS—D
k=1 k=1
4 4 q/2
Cla=¢ 1+ (@—1) 22@?-1 +an—1+Bn-1 |
k=1

for 1 <i<gq/2.

Proof. 1) The standard embedding of H in S can be written as h € H +— g =
diag(1,1,h) € S. In the notation of §3 it follows that dimg , Ker(g — ¢7) equals
2+ dimg , Ker(h — &Y if j =0 and dimg , Ker(h — ¢7) if j # 0. Hence (@) implies
that

a
Culm = Z Chor = 4Gy + (4 — 1)2@’;—1 = (o1t (a— 1)245—1

J#i, k#j k#i k=0
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for any i = 0,1,...,¢q. In particular, we get the desired formula for ¢ # 0, since
¢° |, =an_1+ Pn_1. In order to prove the formulae for o, |y and B, |m, it suffices
to prove one of them, since we have just shown that

q/2
(14) C2|H =q(an-1+Bn-1)+2(q - 1)2(}571'

k=1

2) Here we assume that ¢ > 8. According to (I3)), B, is just the S-character of

the 1p-homogeneous component of w,,, whence

1
Bnlg) = m g wn(zg).

1®h asin 1), then w,(zg) = wl( ) - wn—1(zh) by Lemma
a < qandb=0,1, then wy (9 %) equals ¢2, resp. ¢, or 1,
(0,0), resp. b=1, or (a,b) = (# 0,0). It follows that

If g = diag(1,1,h)
[T1 Moreover, if 0
provided that (a,b)

A

ﬂn(g) = <q2wn1(h) + anfl(ﬁah) + qzwnl(ﬁajh)> /2(q + 1)7

a=1 a=0

Br_1(h) = <wn1(h) +) w1 (9°h) + anl(ﬁ(‘jh)> /2(g+1).
a=1 a=0

Therefore
Bn(g) - qgnfl(h) = 2((]%—’—11) (qwnl(h) - anl(ﬁah)>
- 57T ((q+ D1 an ((9°) ) L2 i) = L2 0, h)
g—1 L g—1
- T Op—1 + ﬂnfl +2 chfl (h) - T(anfl + ﬂnfl)(h)
k=1

q/2

=(¢-1)) Gia(h)
k=1

and so we are done.

3) Now we consider the case ¢ = 2,4; in particular, q —|— 1 is prime. By (I4),

there are nonnegative 1ntegers a,b, c; with a,b < ¢ and Zz 1 ¢ < q(g—1) such that
Bnli = acp—1+ 001+ ZZ 1 ¢iCh_q. Since the degrees of 3, 3,1, and (’._, are
divisible by ¢"~! + 1, so is ac,—1(1). But 0 < a < ¢, hence a = 0. Comparing the
degree we see (g — b)(¢" 2+ 1) = (2>, ¢ —q(qg—1))(¢" ' = 1).

Claim that b = ¢ and >, ¢; = ¢(¢ — 1)/2. Indeed, the above equality implies
that (¢ — b)(q + 1) is divisible by ¢"~! — 1. If n > 4, then it follows that b = q.
If n =3 butbd 75 q, then b = 1 and Y, ¢; = ¢*/2. However this would imply
B3(t) = —(q* — ¢® + 2¢* — q)/2 for any transvection t € H, contrary to [Lu].

We have shown that 3,|p = ¢B8n—1 + Zi:l ciCh_y with Y. ¢; = q(qg — 1)/2.
Recall that we are assuming ¢+ 1 is prime, so I' := Gal(Q(£)/Q) is cyclic. Formula
@) shows that T' acts transitively on the set {¢}_; | 1 < i < ¢/2}; indeed, the
Galois automorphism ¢ +— &* sends ¢! _; to ¢?* ;. On the other hand, 3,, as the
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only irreducible constituent of degree (¢" + 1)(¢" + ¢)/2(q¢ + 1) of the rational-
valued character (,, is I'-stable. Similarly, §,_1 is I'-stable. It therefore follows
that ¢c; = ... =c¢g/2 = q¢ — 1, as stated. O

In what follows we need the character values at some particular elements of G;

. . . 11
namely a transvection (equivalently, a long-root element) ¢ :=diag (<0 1> , Ign2> ,

1 0 0 1
. 01 00 .
a short-root element s := diag 01 1 0 sIan—4 |, a double-transvection
0 001
do— di 11 11 I d simple el t
=diag (|5 ;)]s 1) {2n-a ), and semisimple elements
c; ==diag (67,6779,1,...,1), 1<5<(qg—2)/2,

where all matrices are written with respect to the basis

(ela f17 €2, f2) €3, f3a c 5 €n, fn)
If we embed the corresponding elements in a standard subgroup Sp4(q), then t, s,

and d belong to classes Ay, As1, and Ass (in the notation of [E]), respectively.

Corollary 7.3. Let G = Spon(q) withn > 2 andlet 1 <i<¢q/2,1<j<(¢—2)/2.
Then

2n—1 2n—1
q -9 q +1
nt:nt:_ia nt:_ia
n(t) = () = ~ Gyt G0 = T
_ q2n72_qn+1 _qn+q _ q2n72+qn+1+qn+q
an(s) - ) 671(3) - 9
2(q+1) 2(q+1)
2n—2
. q -1
Gy = T
2n—2 2n—2
q +q q -1
d)=Bud) =L —3 ¢ci@=1—1"T"2
N (c) _ q2n—2_qn_qn—1+q 6 (C): q2n—2+qn+qn—1+q
B 2(g+1) P 2(¢+1) ’
2n—2
i q -1
Cules) = i

Proof. The character values of ¢! for 0 < i < ¢/2 are computed using (). In
particular, we know the character values of (¥ = «a,, + B,. We will deal with a,,
and (3, by induction on n. The induction base n = 2 can be checked using [E]. For
the induction step assume n > 3. We may also assume that ¢, s, d, ¢; are contained
in a standard subgroup H =~ Spa,_2(q). By Proposition [[.2 (3, — an)(z) =
q(Bn-1 — an—1)(z) for any = € {t,s,d,¢;}. Since we know a,, + (3, and we know
(Bn—1 — an—1)(z) by induction, the stated formulae follow easily. O

Recall that for any @i-character A € 05, Ky := Stabp,(\) = Q1 : I, where
Iy := Stabr, (X) equals Jy := Stabr; (\) ~ 05,,_5(q). Let & be the character of K},
where k|g, = X and |, = k. In what follows, the Pj-module B, is defined to
be IndfgA (%). In the next statement, we will consider a,,—1 ® 17, as a character of
Ly = L} x Ty, and then inflate it to P, = Q1L1. Similarly for 3, 1®17,, be_l 1.
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Proposition 7.4. Let G = Spa,(q) with n > 3, (n,q) # (3,2), (4,2), and let
1<i<gq/2. Then

anlp, = n 1@ +B_, Bulp, = Bu1®@ly+By, (e = (@1, +By+B_ .

Proof. 1) Let ¢ € {au, Bn, (.} and let V be a module affording ¢. By Corollary
B2, ¢ satisfies (W, ), whence ¢ satisfies (W;) by Proposition 571 It follows that
¢ satisfies the conclusion of Theorem [5.11(i). Thus there are nonnegative integers
¢,d such that V|p, = Cy(Q1) + ¢By + dB_ and moreover (¢,d) # (0,0). By
Proposition[T.2 there are nonnegative integers a, b, e such that

(15) dim(Cv (Q1)) = acn—1(1) + bBn—1(1) + e (1).

First we consider the case ¢ = ay,. Observe that a,(1) = a,—1(1) + B_(1) <
2B_(1) < B_(1)+ B.(1), and B4 (1) < an(1) < an—1(1) + B4(1) if n > 4 and
(n,q) # (4,2), and a,(1) < B4(1) if n = 3. It follows that (¢,d) = (0,1) and
Cv(Q1) affords the L)-character a,_1. Thus we have proved the desired formula
for a,|p;. In particular,

a/2
(16) B |y =(g—D(an1+Y ¢k y)

k=1

Next we consider the case ¢ = 3,. Since £,(1) < 2B_(1) < B4 (1) + B_(1),

{c,d} = {0,1}. Assume d = 1. Then f3,|r; contains o, 1 by (I8), contrary to
Proposition[Z2. Hence (¢,d) = (1,0). Now dim(Cy(Q1)) = Sn—1(1), whence (I3
implies that (a,b,e) = (0,1,0) (since n > 3 and (n,q) # (3,2), (4,2)). Thus we
have proved the desired formula for 3,[p;. In particular,

q/2

(17) By, =(q—1)(Ba1+ defﬂ
k=1

. Now we consider the case ¢ = (’. Applying Proposition [.2 and (16), ({IT) to
Ctlp, = Cv(Q1) +cBy +dB_, we get

q/2
G+ (g—1)(an—14 Bn1+2 de_l)
k=1
q/2 q/2
= Cv(@1)+clg—D)(Bar+ Y G1) +dlg—D(am1+ Y Chy)
k=1 k=1

Since all a1, 8,1, and 45—1 are irreducible and distinct, we see that ¢ < 1 and
d<1. If (¢,d) = (1,0), then c,—1 appears in Cy(Q1) but not in [V, Q1], contrary
to Lemma 211 Similarly, (c,d) # (0,1). Thus ¢ = d = 1, and Cy(Q1) = ¢, as
Li-module, and so we have proved the desired formula for ! | P

& ok %
2) Consider any g € Py \ P{. Writeg= | 0 h =« | in the basis (e1,...,en,
0 0 677

fos-oos fn, f1), for some 67 # 1 and h € L. For any A € O3, Stabp, (\) < P,
whence B (g) = B_(g) = 0. Therefore, in order to finish the proof of the propo-
sition, it suffices to show that (¢ (g) = ¢! _;(h) for any i = 0,1,...,q/2. Indeed, for
any &F we have 6%7 # ¢*, and so direct computation shows that

|{’U € W®]Fq qu | g(’l}) = fkv}| = |{w € <62a"'76naf27"'7fn>15‘q2 | h(U)) = gkaa
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i.e. dimp , Ker(g —&F) = dimy , Ker(h — ¢F). Now (@) yields that ¢! (g) = ¢&_, (h),

n—1

as desired. 0

Corollary 7.5. Let G = Spayn(q) with n > 2. Write ¢+ 1 = £%r with (r, ) = 1.

(i) Let ¢ be any nontrivial composztzon factor of an,, Bn, or Cn Then ¢ is of
form p —a - 1g, where p € {an,ﬂn, 711<j<(r—1)/2}, anda = 0 or 1.
Moreover, a =1 if and only if £|(¢+ 1) and p = Bn

(ii) The Brauer characters Qp, B, Cowith 1 < j < (r—1)/2 each have a
unique nontrivial irreducible constituent, and these (r+3)/2 constituents are paiwise
distinct.

Proof. (i) The statement for n = 2, resp. for (n,q) = (3,2) and (4,2), can be
checked directly using [Whi], resp. [JLPW]. We will proceed by induction on n
and assume n > 3 and (n, q) # (3,2), (4,2).

1) Tt was established in the proof of [DT), Theorem 7.2] that

(18) ¢t — ¢ =di0—dj0,

whenever 0 < 4,5 < g and ¢ = j(modr). Together with @) and (@), (@) implies
that any nontrivial composition factor of (:1 is a composition factor of a,, ﬁn, or
Chwith 1< < (r—1)/2.

2) Consider the semisimple character ¢; labelled by s; € G conjugate to
diag(¢7,£77, Ian—2) with 1 < j < (r —1)/2. Since the ¢'-part s/ of s; is nontrivial
semisimple and ¢;(1) = (¢*" —1)/(¢+ 1) = (G : Cg(sg))gl, [HM| Proposition 1]
implies that 3]» is irreducible. Moreover, these (r — 1)/2 characters ¢; belong to
(r—1)/2 distinct nonunipotent ¢-blocks, since the s;- are pairwise nonconjugate and
nontrivial. On the other hand, by Corollary B3] {¢; | 1 < j < (r —1)/2} C {¢} |
1 <4 < ¢q/2}. The result of 1) shows that there are at most (r — 1)/2 distinct irre-
ducible Brauer characters of degree (¢>® — 1)/(q+ 1) that can arise as composition
factors of (. We conclude that the Brauer characters ¢J with 1 < j < (r —1)/2
are irreducible and pairwise distinct.

3) Since oy, meets the Landazuri-Seitz-Zalesskii bound d(G), &, is irreducible.
Next assume ¢ is a nontrivial composition factor of Bn and ¢ # Bn Clearly,
¢ cannot be trivial on Q1. On the other hand, B,|p, = Bn-1 ® 1y + B+ by
Proposition [(.4], and B+ is irreducible over P;. It follows that ¢|p, contains B+
Now any composition factor of ﬂn @ is trivial on @7 and therefore equal to 1.
Thus ¢ = Bn —a-1g with a > 1. Let v be any P;-composition factor of ¢ — E+.
Then ¢ is trivial on @1 and | L s contained in [/3\”,1. By induction hypothesis
and by the assumption on ¢, ¥|r: equals 1z, or Bn_l — 1. If the first possibility
realizes for all such 1, then we come to the conclusion that the Brauer character
Bn| Py —§+ is trivial on Py, contrary to Proposition[7.4. Hence the second possibility
must occur for at least one such ¢, whence €|(q+ 1) and ¢ = 3, — lg.

Conversely, assume £|(g + 1). Then () and (I8) imply that &, + Bn =0 =
1+ C,’;, whence 15 must occur either in @, or Bn But a, is irreducible, hence 14
enters ﬂn and the above discussion shows that 5n — 1¢ is irreducible.

(ii) follows from (i) and degree comparison. O
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7.2. The dual pair Spa,(q) x OF (¢). We recall the construction [T] of the dual
pair Span(q) x OF (q) in characteristic 2. Let U = F2" be endowed with stan-
dard symplectic form (-,-). We will also consider the Fay-symplectic form (u,v) =
trg, /r, ((u,v)) on U, and let

E=CT" = (e, |ucUc.

Clearly, S := Span(q) acts on E via g : ey — eg,). Fix § € Fj of order ¢ — 1, and
consider the following endomorphisms of E:

0 : ey esy
(for any u € U) and

L en o ep, ey — Y oLy
) 0, Cv qn+1 w qn(qn+1) w
0£weU, (v,w)=0 welU, (w,v)#0

(for any 0 # v € U). One can check that D := (d,5) ~ OF (¢) and that D centralizes
S. The subgroup S x D of GL(E) is the desired dual pair Spa,(q) x OF (q). Let
wy, denote the character of S x D acting on E. It is shown in [T] that w,|s = 7u,
and moreover one can label the irreducible characters of D as 8 = 1p, a of degree
1, and p;, 1 <i < (g — 2)/2, of degree 2 such that
(a-2)/2
(19) wnlsxp = (ph +1s)@a+ (P2 +1s)®B+ > 7@ .
i=1

We can repeat the above construction but with n replaced throughout by n — 1,
resp. by 1, and subscript 1, resp. 2, attached to all letters U, E, S, D, §, and
j. Thus we get the dual pair S; x D1 =~ Spa,_2(q) x OF (¢) inside GL(F;) with
character wy,_1, and the dual pair Sy x Dy ~ Spa(q) x OF (¢) inside GL(F,) with
character wy. Now we can identify U with Uy & Us. This in turn identifies E with
E1 ® Ey and 8 with 61 ® 6. This identification also embeds S; ® S in S. In what
follows, we denote x; := 854 and x5 := 8555 for z = §5°.

Lemma 7.6. Let Spa,—2(q) X Sp2(q) be a standard subgroup of Span(q). Then
wn(92) = wp—1(hx1) - wi(22) for any x € OF (q) and any g = h @ 1 € Span_2(q) X
Sp2(q)-
Proof. Suppose first that z = §°. Then gz = (h®1)(§;®d2)* = hd]®4d5 = hr1@xa,
whence the statement follows by taking trace.
Next assume that © = §°j. Then wy(z3) = q. Let

N:= [{weU|w#0, (6 “g  (w),w) =0},

Ny:i= {weU |w#0, (67 (w),w) =0}
Then wy(gr) = 2¢7"(N + 1) — ¢", wp_1(hx1) = 2¢' (N1 + 1) — ¢"~ 1. Direct
computation shows that N + 1 = ¢?(N; + 1), whence w,(9z) = quwn_1(hz1) as
stated. ]

Proposition 7.7. Let S = Spon(q) with n > 2, and let H = Spa,—2(q) be a

standard subgroup of S. Then, for 1 <i<gq/2—1,
—2)/2
phlm = (@+1)-1u+ g+ Dphoy+p2 1+ (@ +1) T4 ); Th 1,
—~2)/2
Pla= (a+1) Ly +(g+ 1o +phoy + g+ )T 7k,

mil = Tho @+ 1) (21 20D T k2.
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Proof. 1) The standard embedding of H in S can be writtenash € H — g = h®1 €
S. In the notation of §3 it follows that dimg, Ker(g—47) equals 2+dimg, Ker(h—467)
if 7 =0 and dimg, Ker(h — 67) if j # 0. Hence (I)) implies that

(¢—2)/2
lE =T+ @+ D=7+ (g + )2 1a +2 Z w1+ Pyt Pa1)
k=1
for any i = 1,...,q — 2. Similarly,
(¢—2)/2
(200 melm =20+ 1)1+ (@+2(ph 1 +pa i) +2q+1) D> TH.
k=1

2) According to (), p2 + 1g is just the S-character of the 1p-homogeneous
component of wy, whence

p(9)

If g=h®1 asin 1), then w,(9z) = wy—1(hz) - wa(x) by Lemma [[.6] Here we
have identified z7 and x5 with no loss. Moreover, if 0 < a < ¢ and b = 0, 1, then
wg(éajb) equals ¢2, resp. ¢, or 1, provided that (a,b) = (0,0), resp. b = 1, or
(a,b) = (£ 0,0). It follows that

q—2 q—2
pa(g) = (qun_l(h) + ) wno1 (k) + qun_l(h6“j)> /2(q—1) =1,
a=1 a=0

Pr-1(h) = (wn—l(h) + z_:wn—l(h‘éa an 1(hd%5) | /2(¢—1) — 1.

Therefore

1 @)
Pu(9) = apna(h) = 5 <qwn—1(h) - ZWn—l(M +(g—1)
1 +1 —1
=3 <(q—|—1 wna( an L(8°R) —2)> qT wn_1(h) = & 7o (h)
o1 (4-2)/2 -
=5 2-1g + pp1 +pp_y +2 Z oy | (h) — —(Pn L+ P (h)
k=1
(¢—2)/2
=g+ 1) -1g+ppy +ph i +(g+1) Z Th_1(R).
k=1

Thus we have proved the branching formula for p2, and so we are also done for pl,
because of (Z0). O
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Corollary 7.8. Let G = Spa,(q) withn > 2 and let 1 <i,5 < q/2—1. Then

2n—1 _ ‘ 2n-1 _
Pt = A (t) = G ) =

)= g S T
-2 _ . m-2 _
Ph(@) = #i(d) = G Tald) = T

- e ey
e = Tl o 0.
Proof. Argue as in the proof of Corollary [T.3] using Proposition [7.7. O

R For any lineaAr (Q1-character A, let A be the character of Ky = Q1 : I, where
Mo, = A and A|;, = 17,. In what follows, the P;-module A, is defined to be
Ind?)(;\) for A € O3, and the Pj-module C' is defined to be Ind?A (A) for X € 0.

Let §; be the linear character of P;/P{ ~ Ty = (¢1) that sends ¢; to 6. In the
next statement, we will consider pl | ® 17, as a character of Ly = L} x Ty, and
then inflate it to Py = Q1 L;. Similarly for p2_; ® 17, and 7. _; ® 11,. We will also
consider J; as a character of P;.

Proposition 7.9. Let G = Spa,(q) with n > 3, (n,q) # (3,2), (4,2), and let
1<i<gq/2—1. Then

Pl =1p 4P @11, +C+ A, pilp, =1p +p2_ @1, +C+ Ay,
e =6i+0 47 @1l +CEi+0)+A, +A_ .
Proof. Define the following QQ1-characters:
wy 1= Z)\,w;:: Z A, wy = Z A
A€O; reo; AeO;

1) Here we show that 70|p, contains 2C; in particular, (p} + p2)g, contains
2wi. Recall that Q1 = {[A,C] | A € F2"2,C € F,} (with respect to the basis
(e1,.--yeny fo,.- oy fn, f1)), and we can write any character A € O; in the form

A=Ap : [4,C]— (—1)“%”2(%‘7”*1‘4) for some 0 # b € F2"~2. For such A = Ap
we have K := Stabp, (\) = Q1 : I, where

I, = {diag(z,h, 2™ ") |z € F}, h € L}, h(b) = xb}.
Identifying F2"~2 with (2, ..., fn, f2,. .., fn)r, and choosing b to be ez, we see that
K\ ={g€G|gler) =wer, glez) = xzea(mod (e1)r,), = € IF;}

By Mackey’s formula and Frobenius’ reciprocity,

(Ind%, (1p,)|p,, C)p, =(1p,, Ind% (C)lp)le, = Y. (Lpsnkys Mponmy ) ponk, -
gEPl\G/KA

Choose g1, g2 € G such that g1(e1) = f1 and ga(e1) = ez, and consider the following
two conjugates P := Plgl7 Pis Plg2 of P;. Observe that the double cosets
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Pyg1 K and Py g2 K, are distinct. One can also check that Ky NPy = I, < Ker(;\)
and Ky N Pia < Ker(A). It follows that (IndIGD1 (Ip)|p,C)p, > 2, as stated.

2) Notice that 7 = Indg1 (0;). So by Mackey’s formula and Frobenius’ reci-
procity, for any j we have

(r2lp, C85) Py = (Ind§, (6)| py , Ind 2, (AG:)) p,

> (Flpraras Al s, ok,
geEPI\G/ K

Consider the elements g1 and go as in 1). For j = i observe that 67> and A agree
on P2 := P{?. For j = —i observe that 67" and A\d_; agree on Py; := PJ'. Tt follows
that 7¢|p, contains both C§; and C§_;. Also notice that the last two characters
are distinct, as they take different values at diag(8,d, I,_2,6 %, I,_2,6 ).

3) Observe that pi(1) < p2(1) < 2- |01 + |05 | and |O5 | < |O5|. On the
other hand, p}|q, contains either w, or wj; similarly for p2|q,. It follows that
neither pl|g, nor p2|o, can contain 2w;. Together with 1), this implies that the
multiplicity of C in pl|p, and p2|p, is exactly 1 (since C|g, = wi). Also by
Frobenius’ reciprocity, the multiplicity of 1p, in pl|p, and p2|p, is exactly 1.

4) Let V be a module affording the character pl., and write V = Cy-(Z1)®[Z1, V].
The character of the Pi-module [Z1, V] can be written as ¢4 + ¢, where ¢4 |g, =
aw;' and ¢_|g, = bwy for 0 < a,b € Z. For any hyperplane H of type ¢ of Q1
there are (¢ — 1) characters A € 05 that are trivial on H, and their restrictions to
Z1 ~ @Q1/H exhaust Irr(Z7) \ {1z, }. It follows that

¢ 1 n— n— n— n—

00 = =2 ot 02 0 = -2 < i 1y
for any transvection t € Z;. Thus
pn(1) = dim(Cy (Z1)) +ag" " (¢" ™ + 1)(g = 1)/2+bg" ("™ = (g —1)/2,

(@' = q)/2(a = 1) = pu(t)
=dim(Cy (Z1)) —ag" " (¢" " +1)/2 = bg" "} (¢" 7 — 1)/2.
Therefore a(¢"™! + 1) + b(¢g"" ! — 1) = ¢t -1, ie. (a,b) = (0,1). Also,
dim(Cy(Z1)) = 1+ pL_1(1) + |O4]. Since the Q-module Cy(Z1) contains the

character wy by 3), Proposition[L 7 now implies that the Pj-module Cy (Z;) affords
the character 1 + p._; + C| p;- By Corollary B2, Proposition 5.7, and Theorem

BIT for any A € Oy, K acts on the A-homogeneous component via A, whence
¢_ = A_. We have shown that

pulpy =1p +pp 1 @a+C+ A
for some linear character « of T7.
In the same fashion we can show that
Pi|P1 = 1P1 +Pi,1 ® 6+ C+A+
for some linear character 8 of T7.
5)4From 4) it follows that 70|g, = (2—1—73_.1(1)) 1o, +2w1 +wy +w; . By Lemma
B87i(9)—0(g) = 1forany g € Q1. Hence 7i|g, = (2+7_1(1))-1g+2wi+ws +wy .
By Corollary B3, Proposition 5.4, and Theorem B.11], wy lifts to the P-character
A, and w, lifts to the Pj-character A_. Since Cdi;lg, = w1, 2wy lifts to the
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Py-character C(d; + §_;) by the result of 2). Clearly, 747 17% = 7% = Indg1 (6:),
whence 7! |p, contains §; and §_; by Frobenius’ reciprocity. It also follows from 4)
that
(¢—=2)/2
(C(0i+6-i)+A_+ A, =2¢- 1+ (q+ 12 > 78 +p0 1 +02 1)
k=1

Together with Proposition[Z7, this implies that the constituent (2 +72_, (1)) - 1q,
of 7}|q, yields the Lj-character 2- 17, 4+ 7/ ;. We have shown that

Tilp =0+ 0+ T @y +C(6 +0_;)+ Ay + A

for some linear character v of T3.
6) It remains to identify the Tj-characters a, (§, and . Consider the semisimple
elements ¢; with 1 < j < ¢/2 —1. Since ¢; € Ly \ L} and Stabr, (A\) < L} for any
A€ 05, Ai(cj) = A_(cj) = 0. Also, ¢; fixes no A € 01, whence (Cé)(c;) =0
for any k. Thus the result of 5) implies that 7/ (c;) = 6% + 6% 4+ 72 _, (1) - v(c; ).
But 7% (¢c;) = 69 + 6% + 7 _,(1) by Corollary [.8 Consequently, v(¢;) = 1
any j, i.e. v =1p,. In the same fashion one can show that a = 8 = 1p,.

for

O

Corollary 7.10. Let G = Span(q) with n > 2. Write g — 1 = (% with (r,€) = 1.
(i) Let ¢ be any montrivial composition factor of pL, p2, or 7. Then ¢ is of
form p—a-1g, where p € {pL,p2,73 |1 <j < (r—1)/2} anda =0 or 1. Moreover,
a =1 exactly when either £|(¢" —1)/(q — 1) and p = pL, or £|(¢" + 1) and p = p>2.
(ii) The Brauer characters pL., p2, 73 with 1 < j < (r—1)/2, each have a unique
nontrivial irreducible constituent, and these (r+3)/2 constituents are pairwise dis-
tinct. This statement also holds for n = 1 if we remove pi from this list.

Proof. (i) The statement for n = 2, resp. for (n,q) = (3,2) and (4,2), can be
checked directly using [Whil], resp. [JLPW]|. We will proceed by induction on n
and assume n > 3 and (n, q) # (3,2), (4,2).

1) Arguing as in the proof of [DT, Theorem 7.2] one can show that

f',lL — 7A'TJL = —(51',0 + (5]'70;
whenever 0 < ¢,j < ¢ — 2 and ¢ = j(mod r). Together with (2) and @), it implies
that any nontrivial composition factor of 7 is a composition factor of pl, p2, or 77
with 1 < j < (r—1)/2.

2) Consider the semisimple character v, labelled by s; € G conjugate to
diag(6?,677, Ia,—2) with 1 < j < (r —1)/2. Since the £'-part s/ of s; is nontrivial
semisimple and (1) = (¢** —1)/(¢ — 1) = (G : Ca(s}))2, [HM} Proposition 1]
implies that zzj is irreducible. Moreover, these (r — 1)/2 characters v; belong to
(r—1)/2 distinct nonunipotent ¢-blocks, since the s’ are pairwise nonconjugate and
nontrivial. On the other hand, by Corollary 63, {¢; | 1 < j < (r —1)/2} C {7} |
1 <4< q/2—1}. The result of 1) shows that there are at most (r—1)/2 distinct ir-
reducible Brauer characters of degree (¢°" —1)/(q—1) that can arise as composition
factors of 7i. We conclude that the Brauer characters 74 with 1 < j < (r — 1)/2
are irreducible and pairwise distinct.

3) Notice that 1g + pl + p2 is the rank 3 permutation character for G, whence
the statement that p —a - 1g € IBr,(G) for a suitable a = 0,1 when p € {p,p2}
follows from [Li]. Furthermore, it is shown in [ST] that 5 is reducible if and only
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if /(¢ —1)/(qg—1), and p2 is reducible if and only if £|(¢g" 4+ 1). Thus (i) has been
established.
(ii) follows from (i) if n > 2. The statement for n = 1 is obvious. O

In view of Corollaries[.H and [[.10, define
Wy = {1g, pn i 7 | 1 <G < (r=1)/2},

where r = (¢ — 1), and

W_ = {1G;an7§naé% | 1 é] < (T, - ]‘)/2}’

where 7’ = (¢ + 1)¢. By Corollary [L.10, any linear-Weil (Brauer) character is a Z-
combination of characters from 20 . Similarly, any unitary-Weil (Brauer) character
is a Z-combination of characters from 20_ by Corollary [Z.5l

Lemma 7.11. Let G = Spa,(q).

(i) Let n > 1 and let ¢ be a Z-combination of trivial and linear-Weil Brauer
characters. Suppose that ¢|p, = 0. Then ¢ = 0.

(ii) Let n > 2 and let ¢ be a Z-combination of trivial and unitary- Weil Brauer
characters. Suppose that ¢|p, =0. Then ¢ = 0.

Proof. (i) Write (¢—1) = ¢*r with (r,£) = 1. Then ¢ = apA}l—l—pri—l—Eg:ll)/Q et +
d-1¢g for some a, b, ¢;,d € Z. The case n = 1 can be checked directly using character
table, so we assume that n > 2. By assumption, ¢(g) = 0 for g = 1, ¢, s, d, and
¢} with 1 < j < (r —1)/2, where ¢g := ¢ The conditions ¢(1) = @(t) = ¢(s) =
o(d) = 0 imply by Corollary [[8 that a = b= d = 0 and

(r-1)/2

(21) S =0

Let 8o := 6°". By Corollary [Z8 and D),

G A1 r-n2
(22) 0=¢(q) = ; Ci (ﬁ‘f'éf)j"'éo_”) = ; ci(0g' + 09 ).
Let f(z) := ZE:}D/Q ci(zt + 277 € Zz]. Tt follows from @I) and [2) that
f(0))=0for j=0,1,...,r — 1. But deg(f) <r—1,s0 f =0, ie. ¢; =0 for all i.

(i) Write (¢+1) = ¢¥r with (r,£) = 1. Then ¢ = aan+bﬂn+zz§;€1)/2 it 4d-1g
for some a, b, ¢;,d € Z. The case n = 2, resp. (n,q) = (3,2) or (4,2), can be checked
directly using the character table of G [E], resp. [JLPW], so we assume that n > 3
and (n,q) # (3,2), (4,2). By Proposition [7.4] the Q-fixed point part of ¢ yields
the (virtual) Lf-character

(r=1)/2
?/J = d . ]_L/1 —+ aan,1 —+ bﬁnfl —+ Z CiCZL—l'
i=1

By our assumption, ¥ = 0. This implies by Corollary [[H(ii) that a = b =¢; =0
and d = 0. O
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8. RESTRICTIONS TO P; AND Hy

In this section we will show that any FG-module with property (W5) agrees with
a formal sum of Weil modules when restricted to P; and Hy.

Proposition 8.1. Let G = Spa,(q) with n > 3, (n,q) # (3,2), (4,2), and let
V' be an irreducible FG-module. Assume that V satisfies (W, ). Then there is
a formal sum W of trivial and (irreducible) unitary- Weil modules of G such that
V|P1 = W|P1 .

Proof. Write g+ 1 = ¢*r with (r,¢) = 1. Let ¢ be the Brauer character of V.
1) Without loss we may assume that V is nontrivial. By Proposition 67 and
Theorem BT, V' satisfies the conclusion of Theorem [B.TTI(i). It follows that

(23) Vip, =Cv(Q1) ® nyB,®&n_B_

for some nonnegative integers n4,n_ (in the notation of §7)). According to (I6)

and (I7), all nontrivial composition factors of §+| r; and §_| 1, are unitary-Weil
modules of L. Hence the same holds for Cy(Q1)|r; by Lemma XTI By Corollary
[CH applied to L1,
- r-v/2
(24) CV(Q1)|L’1 = aan—l + bﬁn—l + Z Ci(::l,I +d- 1L/1
i=1
for some a, b, ¢;,d € Z. Notice that a,b,c; > 0.

2) Here we compute ¢(t) and (') for transvections ¢ € Z; and t' € L}. By
Proposition[74 and Corollary [7.3]

2n—2 n—1
— +
B_(t) = an(t) — an_1(1) = %
_2n=2 2n—3
B_(t') = an(t') — an-1(t') = % '

Similarly,

B(t)= ("~ " /2, Bi(t) = (~¢"" 7+ )2

Now we have

(=D "'—q9 @'+ D" 49 +Z -1 i
g+1

ot)=a +b

2(g+1) 2(q+1)
2n—2 n—1 2n—2 n—1
—q —q —q +4q
+ny 5 +n_ 2 )
2n—3 2n—2 2n—3
- + +
o(t") = (a+b) q q+2 i B S )%.

But ¢(t) = ¢(t'), hence
(25) (a + Zc —n )" =1+ (b+ Zc —n)(@"2+1)=0.

3) Here we compute ¢(d) and ¢(d’) for double transvections d = tt’ (with t € Z;
and t' € L} as in 2)) and d' € L}. By Proposition [Z4 and Corollary [Z3]

2n—3 2n—3 _ 2n—4

B_(d) = ay(d)—ay1(t) = £ 5 B_(d) = an(d/)—an—l(d,):% -
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Similarly,
By(t)=q¢""/2, By(d)= ("7 —¢"7")/2.

Now we have

@ =0+ )Lt S o T )
s 2(¢+1) g temnea ’

2n—4 2n—4 2n—3 2n—4
q +q q -1 q —q
d)=(a+b)—m"+ i———— +d +n_ )——.
o(d) = (a )2(q—|—1) % c o +d+ (ny +n_) 5

But ¢(d) = (d'), hence
(26) (a+Zci—n_)+(b+Zci—n+)=0.
4) From (28) and (24]) it follows that

(27) n,:a—i—Zci, n+:b+Zci.

Now we define W to be the (virtual) FG-module with Brauer character at, + b8, +
Z(Pl)/Q ¢iCt +d - 1¢. By Proposition [74]

i=1

(28)
Wlp, = (aBn1 b1+ _ el )@l +(a+ Y c)Bo+(b+Y_ c)By+d-le.

Then equalities 23), 24), @22), and @8) imply that V|p; = W|p; and moreover
[V, Q1] = [W, Q1] as Pi-modules.

5) Next we consider a conjugate Ty of T that is contained in L. Since Ty < Py,
V = W as Ty-modules. But Ty and T, are conjugate, hence V. = W as T;-
modules. Now T < Py, whence [V, Q1] = [W, Q1] as Ti1-modules. It follows that
Cv(Q1) = Cw(Q1) as Ti-modules. But T} acts trivially on Cy (Q1) by (28), so Ty
also acts trivially on Cy (Q1).

Define e := 1 if £|(¢+1) and 0 otherwise. By Corollary[7.3, ﬁn,l =¢n-1+e-1p,
where ¢,,_1 € IBry(L}). Thus instead of (24) we have

(r—1)/2 B
(29) Cv(Q)|ry = abn 1 +bdn1+ Y il y+(d+e)-1p,
i=1

where d+e > 0 since it is the multiplicity of 1z, in Cy(Q1)|z;. We have mentioned
above that a, b, ¢; > 0. Hence the trivial action of T3 on Cy (Q1) (and (29)) implies
that

(r=1)/2
Cv(Q1)|r, = ally—1 @ 17, +bpp_1 @ 11, + Z il @17, +(d+e)-1p,,
i=1
and so
(r—1)/2

(30)  Cv(Qu)lL, = a0n-1®1p +bBp 1 @1r + Y el @1p, +d 1z,

i=1

It follows from ([23), B0), and @]) that V =W as Pi-modules. O
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Proposition 8.2. Let G = Spa,(q) with n > 3, (n,q) # (3,2), (4,2) and let V be
an irreducible FG-module. Assume that V satisfies (W5). Then there is a formal
sum W of trivial and (irreducible) linear- Weil modules of G such that V|p; = W|p,.

Proof. Write ¢ — 1 = (*r with (r,£) = 1. Let ¢ be the Brauer character of V.
1) Without loss we may assume that V is nontrivial. By Proposition (.7 and
Theorem ETT], V' satisfies the conclusion of Theorem [ETTI(ii). It follows that

(31) Vip = Cv(Q1) @ (mC +n Ay +n_A_)|p
for some nonnegative integers m,ny,n_ (in the notation of §7). According to
Proposition [9, all nontrivial composition factors of C|;, Ay|z;, and A_[z; are
contained in py |z, and p2|p;, and therefore they are linear-Weil modules of L} by
Proposition[7.7. The same also holds for Cy(Q1)|z; by Lemma 21l By Corollary
[ 10 applied to L7,
(r=1)/2
(32) Cv(Q)lLy =aph_ +bph 1+ D e +d-1py
i=1
for some a,b,c;,d € Z. Notice that a,b,¢; > 0. Define W to be the (virtual)
FG-module with Brauer character
(r=1)/2 (r—1)/2
apy, +bp2 + Z it (d—a—b—2 Z ¢i) - lg.
i=1 i=1

Then Proposition [7.9] and [B1)), (32) imply that
(33) Ylpp=2C+y A +y A,

where v is the Brauer character of the (virtual) FG-module W -V ¢ := ZE;}I)/Q ci,
ri=a+b+2c—m,y_:=a+c—n_,andyy :=b+c—n.

2) Here we compute t(t) and t(t') for transvections ¢ € Z; and t' € L.
Notice that for any h € Lj, C(h) + 1 is just the number of h-fixed points on
(e2,...,en, fo,..., fu)F,; in particular, C(t') = ¢*>"~3 1. Furthermore, any A € O,
is trivial on Z7, whence C(t) = C(1). By Proposition [Z9 and Corollary [Z8]

A_(t)= pp(t) —1—p, 4(1) = C(1) = (=¢*" 2 +¢"1)/2,
A_t)= ppt)—1—p, () - C{t')= ("2 —¢*"7?)/2.

Similarly,

AL(t) = (=" =q" /2, A () = ("> =¢"%)/2.
Now we have

() = 2@ =)y (=T ") 24y (¢ =" /2,
P = 2@ =) +y (7 =) 24y (P = ") /2

But (t) = ¢(t'), hence
(34)  20(¢" = ") =y-(20" =" - ) (2" - " ),

3) Next we compute 9(d), ¥(d'), and 1(d") for double transvections d = tt'
1 1

1 0
(where t and t’ are as in 2)), d’ € L}, and d” = diag 8 (1) 1 8 yIan—q | (in
0 0 0 1
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the basis (e1, €2, f1, f2,€3,--,€n, f3,-- -, fn)). Observe that d”’ € Q1 \ Z;, whence
C(d") = —1. Furthermore, C(d) = C(t') = ¢>" 3 — 1, and C(d') = ¢>** - 1. By
Proposition and Corollary [L.8]

A_(d)= pp(d)—1—p, () - C(d) =—¢""7%/2,
A_(d)= py(d) - 1—pn1@ﬁ C(d) = (¢>"7° = ¢*"71)/2,
A_(d") = p,(d")—1-p, ,(1)-C(d")=q"""/2,

Similarly,
Ap(d)=—¢"7/2, A(d) = (" ° = ¢*"1)/2, AL(d") =—¢"1/2.

Now we obtain

O(d) = 2@ 1) = (u- Fy g2,

W) = (@ =D+ (- + )@ e h)/2,

P(d") = -zt (y- —ye)g" /2.
But ¢(d) = ¢(d') = ¢(d"), hence
(35)

— + 2 - ]. n—=- n— n—-: n— n—
S tu)@ol) Sty ("= =)y (" ="+ ) =0
2(¢—1)

The equations (34) and BI) yield 2 = y; = y— = 0. Thus |p; = 0 by B3), i.e.
V =W as P{-modules. O

Now we can prove an analogue of Proposition [R]] for linear-Weil characters.

Proposition 8.3. Let G = Span(q) with n >3, (n,q) # (3,2), (4,2) and let V be
an irreducible FG-module. Assume that V satisfies (W5). Then there is a formal
sum W of trivial and (irreducible) linear- Weil modules of G such that V|p, = W|p, .

Proof. 1) By Proposition [8:2] there is a formal sum W of trivial and (irreducible)
linear-Weil modules of G such that V|p; = W|p;. We will keep all the notation
used in the proof of Proposition For any A € IBry(Q1) let V) denote the A
homogeneous component of V. Clearly, V = Cy (Q1)® V1@V, @V, as Pi-modules,
where Vi =3, .o, Va, V5 = 3 5coz Va. Similarly, W = Cw(Q1) Wi oW, oW, .
The proof of Proposition BZlalso shows that Vi = W5 as P;-modules for ¢ = +. It
remains to prove that V3 = W; and Cy(Q1) = Cw(Q1) as Pi-modules. Now (32)
implies

(r—1)/2 4
(36)  Cv(Q@)lL, =prh 1 ®@a+pi @B+ D> F @ui+ly e,

i=1

where «, resp. (3, p;, are Brauer characters of T} of degree a, resp. b, ¢;; further-
more, 7 is a virtual Brauer character of T} of degree d. On the other hand, the
choice of W and Proposition [[3 yield
(37)

W@l = (apho + 002y + LI ety + (d - 20 ey
®1T1 +E(T 1)/2 CzlLll ® (51 +6_z)

One can also show that there are Brauer characters v and 7’ of P; that are trivial
on P| and of same degree m such that

(38) ‘/1|P1 :C'ya W1|P1 :C’)/,
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Observe that
(39) Cv =Tndg (A-7|k,), C7 =Indgl (A-+'|x,)

for A € O;.
2) Consider the following two subgroups of G:

Ry = Stabg({e1)r,, €2, f2), Ra2 = Stabg({e2)F,,e1, f1)-
Since Ry < P{, V = W as Ry-modules. But R; and Ry are conjugate, whence
V =W as Rj-modules. Since Ry < Pp, we see that Cy(Q1) & Vi = Cw (Q1) & W,
as Rj-modules. Observe that R; = @1 : El plays the role of the Pj-subgroup
in Stabg(es, f2) ~ Span—2(q), with Q1 = [¢*" 3] and Ly := Stabg, ({f1)r,) ~
San—4(q) X Zq—l-

Fix the Qi-character A := Ap : [A,C] — (—l)trFq/F'A’(tb‘]"*lA), where b = e3 (here
we identify Fg”*Q with (e2,...,en, fo,..., fu)F,). Let m:= >‘|C§1' Define ¢? distinct
Q1-characters A\, == Xy, ,, where b, ,, = wea + e3 + yf2 for x,y € Fy. Then these
)\x .y are exactly the @Qi-characters from O, that are equal to = When restricted to
Q1. Furthermore, Ry := Stabg, () = Q1 : (J : T'), where J := {g € Ly | g(b) = b}
and

T :={z:=diag(z,1,2, I, 3, 1,2 1, I, 3,27 1) | z € Fe}
(in the basis (el,eg, cosens fo, iy I, fl)) By Lemma 23, the m-homogeneous
components Vy (of (C’V(Ql) ®V1)|g,) and Wi (of (Cw (Q1) ©W1)l|g,) are equal as
R,-modules.

It is not difficult to see that V, = > wyer, VA, (and W, = > wyer, Was,)
affords the Q,-character m yeF,
z € T’ be any nontrivial -element. Then z acts regularly on {\;, | (0,0) #

Aeyy, and z € T' maps Ay to A,—1, ,-1,. Let

(z,y) € F2}. Hence the trace of z acting on V equals the trace of z acting on
Vy. Recall that z € I, and Ker(;\) > I\. Therefore, B8) and [B9) imply that
the trace of z acting on Vy is 7(2). Thus the trace of z acting on V, equals (z).
Similarly, the trace of z acting on WW equals v/(z). Since V, = WW as R,-modules,
it follows that v(z) = +/(2), for any ¢'-element 1 # z € T'. But y(1) = 7/(1) = m.
Hence ~y|r» = 7'|7 (as Brauer characters). Finally, observe that P, = P{T’, and
v and 7/ are actually P;/Pj-characters. Consequently, v =~', and so V; = W as
P;-modules, because of (B8]).

3) The results of 2) imply that Cy (Q1) = Cw (Q1) as Ri-modules. Since Q1 <
@1, we can also say that Cy(Q1) = Cw(Q1) as modules over L1 = L’ x T ~
Span—a(q) X Zg—1. By Corollary [LI0] there is a unique nontrivial composition
factor p of p2_, (as an E’l—character). By Proposition[717, Corollary [.10, and (B8,
the p-homogeneous component of Cy (Q1)] i affords the Tj-character

k1 Zk (r 1)/2
(14 (g + )t (g + 1)1+ )5 + (g + 1) Z i

and the p-homogeneous component of Cy (Q1)] i affords the T;-character

k-1 k-1 el
(14 (g+1) )a+(q+1)(1+T)b+(q+1)€k > il lin.
i=1

2



5010 ROBERT M. GURALNICK AND PHAM HUU TIEP

These last two Tj-characters are equal, and «(1) =a >0, 3(1) =b > 0, p;(1) =
¢; > 0. Hence

(40) a:a'leﬁ:b'lTU/J’i:Ci'lTl'
In this case, the equality of Li-modules Cy (Q1) and Cw (Q1) reduces to

(r—1)/2 (r—1)/2
(41) n=(d-2 Z ci)lr + Z ci(0; + 6-4).
i=1 i=1

Now (B6), (B7), @), and @) imply that Cy(Q1) = Cw(Q1) as Pi-modules, as
desired. g

The main result of this section is the following

Theorem 8.4. Let G = Spa,(q) withn > 3, (n,q) # (3,2), (4,2), and let V be an
irreducible FG-module.

(i) Assume that V satisfies W5). Then there is a formal sum W of trivial and
(irreducible) linear-Weil modules of G such that V=W as P;-modules and also as
Hg-modules for 1 <d <n/2.

(ii) Assume that V satisfies Wy ). Then there is a formal sum W of trivial and
(irreducible) unitary-Weil modules of G such that V. =W as Pi-modules and also
as Hg-modules for 1 < d <n/2.

Proof. (i) By Proposition [83] there is a formal sum W of trivial and (irreducible)
linear-Weil modules of G such that V|p, = W|p,. We need to show that V' =W as
Hg-modules for 1 < d < n/2. Recall that H; = A x B, where A ~ Sps,,_24(q) and
B ~ Spsaq(q). We may conjugate Hy so that A < L} < P;. Then all composition
factors of W4 are either trivial or linear-Weil by Lemma B71. The same is true
for V|4, since V.= W as Pj-modules and A < P;. The same also holds for W|g
and V|p, since B is G-conjugate to a subgroup of L{. For the virtual module
U :=W —V, we may therefore write

(r+5)/2
Uln,= Y M;®N;

Jj=1

where N runs over the set 20, (B) consisting of 15 and (r+3)/2 distinct irreducible
linear-Weil modules of B, and each Mj; is a formal sum of trivial and linear-Weil
modules of A.

Consider the P;-parabolic subgroup P;" of A. We may conjugate Hy so that
P x B < Py. Since U|p, =0, we have

(r45)/2
0=Ulprxp= Y, (Mjlp;)®N;.

j=1

But the N; are all distinct irreducible B-modules, hence the last equality implies
that M;|ps = 0 for each j. By Lemma [[11] applied to B, M; = 0 for all j.
Consequently, U = 0 as Hg-modules, i.e. V =W as Hgz-modules.

(ii) Similar to (i). O
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9. RESTRICTIONS TO P;, 2<j<n-—1

In this section we consider the restriction to any parabolic subgroup P; with
2<j<n-—1. IfVisa (virtual) FG-module satisfying (W5), then we can write

(42) Vip, = Cv(Qj) @ Vo @ V1 & Va.

Here Z; acts trivially on V and all Qj-characters on Vj are nontrivial. Furthermore,
all Z;-characters occuring in Vi, resp. in V3, belong to Oy, resp. to O5. For any
Zj-character A, let K := Stabp,(\) and I, := Stabr,;()).

Throughout this section, we assume that G = Spa,(¢) with n > 3, (n,q) #
(3,2), (4,2), and that V is an irreducible FG-module satisfying W5 for some . By
Theorem B4 there is a formal sum W of trivial and Weil modules of G such that
V =W as Pi-modules and also as Hg-modules for 1 < d < n/2.

First we focus on the summand V5 in the case 7 = 2. We keep the notation
introduced in §3 before Lemma [3T1

Lemma 9.1. Let A = Ag be a nontrivial linear character of Zs that belongs to
05. Suppose that © € Iy induces an element of odd order in O(qg). Then = acts
trivially on the complete inverse image of Cq,/z,(v) in Q2/ Ker(Ap).

Proof. Let g = [A,C] € Q2 be centralized by z modulo Z;. We need to show
that h := zgr~1g~! € Ker(\g). Since x stabilizes A\g, z = diag(X,Y, X ~1) with
X € O(gqp) and Y € Spay,_4(q). By assumption, X has odd order say m. Since

rank(qp) =2, D := B+ !B = <2 g) for some d € Fj. The condition X € O(gp)
implies that ‘XDX = D and ‘XBX — B € HI(q), ie. 'XBX — B = (2 8)

for some b € F,, whence ‘XBX = B+ bd~'D. It follows that B = ‘X" BX™ =
B+mbd~'D, i.e. mbd~'D = 0. But m is odd, hence b = 0, and *XBX = B.
Since zgz~! = g(mod Z3), we have h = [0, XC''X + C]. Observe that

Tr(B(XC'X + C)) = Tr('XBX - C) + Tr(BC) = Tr(BC) + Tr(BC) = 0.
Thus Ag(h) =1 as stated. O

Lemma 9.2. Let A = Ap be a nontrivial linear character of Zo that belongs to O5.
Then there is a unique irreducible £-Brauer character p of Qo of degree ¢*"~* such
that p|z, = pw(1)X. Moreover u extends to a Brauer character fi of Kx. If © € I,
is an {'-element that induces an element of odd order in O(qg), then fi(x) # 0.

Proof. One can check that (Z; : Ker(Ag)) = (@4 : (Ker(Ap) N Q%)) = 2 and
moreover 2/ Ker(Ag) is an extraspecial 2-group of order 2¢*"~8. Hence there
exists a unique p € IBr,(Q2) of degree ¢?"~* such that |z, = p(1)A.

Assume € = +. Using (@) and Corollary [[8] one can show that

n—2 _ n—2 1 2n—4 _ . n—2
(¢ Q(Z)qu) +1) q - q w1+
Thus the multiplicity of A in pL|z, is ¢>"~*. Let A be an FG-module that affords
the unique nontrivial irreducible constituent of p. (cf. Corollary [LI0). Then Ay
has dimension ¢>"~%. Clearly, Z, acts on A, with character u(1)\, and both Qs
and K act on Ay. Thus p extends to the K-character ji of Ay. Let v € Irr(Q2)
be such that v|z, = v(1)\. Applying the same argument to p. and v we see that v
extends to a complex K-character which we denote by the same letter v. It follows

p}z|Zz = (q2n73+q2n74+ )'122 +



5012 ROBERT M. GURALNICK AND PHAM HUU TIEP

that o and i are extensions of y to K, whence ji = D7y for some linear character ~y
of K)/Q2. Now assume z is as in the lemma. Then z acts trivially on the complete
inverse image of Cq,/z,(x) in Q2/Ker(Ap) by Lemma [.1], whence v(z) # 0 by
Lemmal[Z4] (applied to Q := Q2/ Ker(Ap)). Hence |a(z)| = |[0(x)y(x)| = |v(x)| # 0,
as stated.

If e = —, then one can prove that
(qn—Q _ q)(qn—Q _ 1) q2n—4 _ qn—Z o4
anlz, = 2+ 1) '122-1-#6014-(1" Wy
and argue similarly. O

Proposition 9.3. Under the above assumptions, Vo = Wa as Ps-modules.

Proof. Since Q2 < P;, V = W as Q2-modules. If V or W does not afford the
orbit O3 of (Jo-characters, then Vo = Wy = 0 and we are done. So assume that
V and W both afford O5 and fix A\ = Ap € 05. Clearly, V3|p, = Indj2 (V)
and similarly for Wy, hence it suffices to prove that ¢ = 1, where ¢, resp. ¥, is
the Brauer K-character afforded by the homogeneous component V), resp. W.
Let ¢ € K, be any ¢-element. Observe that there is a natural homomorphism
7w @ Kx — O(qp) < GL({e1, e2)r,) with Ker(m) ~ Q2 : Span—a(q).

1) First we consider the case when 7(g) has even order in O(¢gg). Since O(gp) is
a dihedral group of order 2(q—¢), m(g) is an involution and hence it fixes a nonzero
vector in (e1, e2)w,. Setting X = Q2(g), we see that X is contained in a conjugate
of P;. Hence V = W as X-modules, and so V), = W) as X-modules by Lemma
(notice that X preserves \). It follows that ¢(g) = ¥(g).

2) Next we consider the case when 7(g) has odd order in O(gg), i.e. w(g) €
Qgp). Define X := 7 1(Q(gp)). Clearly, the Qo-module V) is semisimple.
But Vy|z, affords the Zs-character dim(Vy)\ and p is the unique irreducible Q-
character with p|z, = p(1)A (see Lemma B.2), so Vi|g, is a direct sum of some
copies of a simple FQo-module that affords y. Now Q2 < K and p extends to ji
by Lemma It follows that ¢ = i for some Brauer character o of K»/Qo.
Similarly, ¢ = i for some Brauer character 8 of Kj/Qs.

Clearly, Kx = Q2 : In. We can embed Lo into Hy = Stabg({e1, 2, f1, f2)F, ),
and write X = Q2 with Y = X N I,. Observe that Z3Y < Hs. Since V =W
as Ho-modules, V =W as Z;Y-modules. But V) and W, are the A-homogeneous
components of V|z, and W|z,, and Z2Y preserves A. It follows by Lemma [2.3] that
VA = Wy as ZyY-modules; in particular, fi(h)a(h) = p(h) = ¢(h) = @(h)B(h) for
any ¢'-element h € Y. Recall that h € Iy and h induces an element of odd order
in O(¢qp), whence fi(h) # 0 by Lemma 0.2 This implies that a(h) = G(h), i.e.
aly = Bly. Therefore ¢(g) = fi(g)a(y) = i(g)B(y) = 1(g), where y € gQ2NY. [

An important role in further discussion is played by the following statement:

Proposition 9.4. Let G = Spa,(q) with n >3 and (n,q) # (3,2), 2 <j <n, and
let x be a Weil character of G. Assume X is a nontrivial linear character of Q;/Z;
that occurs in x|q,. Then Ky := Stabp,(\) is contained in a conjugate of P; for
some 1 < j—1.

Proof. Lemma B.8] shows that it suffices to prove the proposition in the case x €
{pL, %, an, Bn}. We keep the notation introduced at the beginning of §3.
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1) Recall that Q;/Z; may be identified with the additive group M, :=
May—2;,i(Fg). The action via conjugation of the Levi subgroup L; = GL;(q) x
Span—2;(g) on M; is given by the formula

gXg ' =CX'A,

where g = diag(A,C, 'A™') € L; with A € GL((e1,...,ej)r,) and C € S :=
Span—2;(q), and X € M;. It is easy to see that any linear character of Q);/Z; is of
the form A=A : X — (—1)trFq/F2(“(tBX)) for some B € M;. Then the action of
g =diag(A,C, *A™) € Lj on Irr(Q;/Z;) is given by go Ap = Aeg-1pa-1.

From now on we assume A = A\p satisfies the assumption of the proposition. Let
O denote the L;-orbit of A. Clearly, |O] < x(1) < ¢*".

2) Here we prove the statement in the case A = Ap with 0 < r := rank(B) < j.
Indeed, assume g = diag(A, C, A=) € I,. Then B = '{C~'BA~! and so 'A'B =
tBC~1. Let 'B = [by,...,bay_2j], where by, € Fg. The formula *A*B = tBC~!
shows that 'Ab, € (b1,...,ban_oj)r, for all k. Thus A preserves a subspace
of dimension r of Fg, whence A preserves a subspace of dimension j — r of IE"{]
Returning to the specified basis of the natural module M of G, we see that all
elements g = diag(A4,C, 'A™1) € I, preserve a subspace M’ (which depends only
on B) of dimension j — r of the totally isotropic subspace (e, ..., e;)r,. Observe
that K = Q;Ix and that Q; acts trivially on (e1,...,e;)r,. It follows that K is
contained in a conjugate of P;_,.

3) Since A is nontrivial, B # 0. The rest of the proof is to show that rank(B) # j.
So we will now assume that j = rank(B) < 2n — 2j. We claim that there is a
subspace N’ of dimension j of the natural module N = F2"~%/ for S = Spa,_2;(q)
such that |I| = |Stabs(N’)|. Indeed, assume g = diag(4,C, ‘A=1) € I,. Then
B ="'C"'BA™!, and so 'CB = BA™'. Let B = [b},...,b]], where b} € F2"~2J.
The formula ‘CB = BA™" shows that 'Cby, lies in N := (b},...,b)r, for all k,
i.e. 'C € Stabs(N'). Moreover, since b}, ..., b;- are linearly independent, A~! (and
so A) is completely determined by B and C. Thus |I| = |Stabs(N')| as stated. In
particular,

0] = (L; : 1) = |GL;(q)| - (S : Stabs(N')).
4) Here we handle the case j > 3. First assume that j < 2n — 2j. It is

straightforward to check that (S : Stabs(N')) > (¢*"~% — 1)/(q — 1). Hence
|O| = |GL;(q)| - (S : Stabs(N’)) > ¢*", a contradiction. Now assume that
3 <j=2n—2j. It follows that n > 6 and j > 4. In this case S = Stabs(N’), and
|O| = |GL;(q)| > ¢*"**, again a contradiction.

5) We are left with the case j = 2. First assume that n > 4. Recall that
N’ is a 2-dimensional subspace of N, so |O| = |GLz2(q)| - (S : Stabs(N')) equals
("% — 1)(¢>* — ¢®5) if N’ is nondegenerate, and (¢?"~* — 1)(¢*>"° — q) if
N’ is degenerate. In both cases |O] > (¢*"~* — 1)(¢® — q) > ¢*"~2. On the other
hand, it is clear that |O] cannot exceed the multiplicity of 1z, in x|z,, and, since
X € {pk, P2, an, By}, this multiplicity is at most

AT (TP )T - D)/2(g 1) < g7

Thus we get a contradiction if n > 4. Finally assume that n = 3, so ¢ > 4 by our
assumption. Then |O] = (¢* — 1)(¢? — q); meanwhile the multiplicity of 1z, in x|z,
is at most ¢> + ¢ + ¢, again a contradiction. O
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The main result of this section is the following theorem:

Theorem 9.5. Let G = Spay(q) withn > 3 and (n,q) # (3,2),(4,2). AssumeV is
an irreducible FG-module satisfying (W5) for some € = £. Then there is a formal
sum W of trivial and linear- Weil modules of G if e = + and of trivial and unitary-
Weil modules of G if € = —, such that V = W as Pj-modules for 1 < j <n—1
and as Hg-modules for 1 < d <n/2.

Proof. By Theorem B4, there is a formal sum W of trivial and Weil modules of G
such that V' = W as P;-modules and as Hg-modules for 1 < d < n/2. It remains
to prove that V' = W as P;-modules for 1 < j < n — 1. We proceed by induction
on j > 1, with the induction base j = 1 already established. For the induction step
assume n > j > 2 and that V =W as P;-modules for 1 < i < j — 1. We will use
the decomposition [@2) for V and W. Since Q; < Pi, V = W as ;-modules. Thus
the irreducible @;-characters occurring in V' and in W are exactly the same.

1) First we show that Vo = Wy as Pj-modules. Let A € IBr,(Q;/Z;) be any
character occurring in Wy. By Proposition .4, K := Stabp,()) is contained in a
conjugate of some P; with i < j. It follows by the induction hypothesis that V =W
as Ky-modules. But Q; < K and K preserves A, so V\ = W) as Kx-modules by
Lemma 23] Let O be the Pj-orbit of A and let Vo := 3" o Vi, Wo := 37 ,co Wy

Then Vp = Indi’x(VA) = Ind?A(W,\) = Wo as Pj-modules. This is true for any
orbit O occurring in Wy (and Vp), whence Vy = Wy as P;-modules.

2) Next we show that Vi, = Wy, as Pj-modules for k = 1,2. If k = j, then k = j =
2 and we are done by Proposition[@3] So we may assume that k < j. Let A = Ap €
IBr/(Z;) be any character occurring in Wy, and let g = diag(4,C, *A™1) € I,.
By the definition of Wy, gp is a quadratic form of rank %k on Fg; in particular
rad(¢gp) has dimension j — k. Since A € O(qp), A preserves rad(gg). It follows
that any g € I preserves a (j — k)-dimensional subspace M’ of (e1,...,e;)r,. It
is clear that M’ is totally isotropic and that @; acts trivially on M'. It follows
that K := Stabp,()\) is contained in a conjugate of P;_; and so V =W as K-
modules. But Z; < K and K, preserves A, so Vy = W) as K -modules by Lemma
23 Arguing as in 1) we come to the conclusion that Vi = Py as P;-modules.

Note that 1) and 2) are also valid if j = n.

3) From 1) and 2) we obtain that @i:o Vie = @i:o Wy, as Lj-modules. But
L; < Hj and V =W as H;-modules by the choice of W (notice that we use j < n
here). It now follows from (42) that Cv(Q;) = Cw(Q;) as L;-modules. Since Q;
acts trivially on both Cv(Q;) and Cw (Q;), they are equal as Pj-modules as well.
Consequently, V = W as P;-modules. O

10. RESTRICTIONS TO TORI T AND T_

In this section we use Deligne-Lusztig theory to handle the tori T; of order ¢ —¢
of G. Recall that Ty is chosen to be a torus of SLa(¢™) which is naturally embedded
in G.

10.1. Some generalities. We may consider G as the fixed point subgroup G for
some Frobenius map F' on a simple algebraic group G of type C,, in characteristic
2. Let 7. be an F-stable maximal torus of G such that T. = 7.F. We begin with
the following statements, among which the first one is obvious in the case ¢ > 2:
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Lemma 10.1. Let n > 2, T be an F-stable mazximal torus of G and € = +.

(i) Assume that TF < T. but T is not GF'-conjugate to T.. Then q = 2, T is
mazimally split, and TF = 1.

(ii) Let n be an odd prime and (n,q) # (3,2). Assume that |T¥| = |T.|. Then
T is GF'-conjugate to T-.

Proof. (i) In the case ¢ > 2 all maximal tori of G are nondegenerate (see the proof
of [C, Prop. 3.6.6]), whence 7 is the only maximal torus of G that contains 7.
So if TF < (T")F for some F-stable maximal torus 7’ of G, then 7/ = 7, and so
we are done. We will however consider the general case.

Recall that the Gf-classes of F-stable maximal tori of G are classified by F-
conjugacy classes of the Weyl group W (G) of G; cf. [C| Prop. 3.3.3]. In our partic-
ular case, F' acts trivially on W(G), and each conjugacy class in W(G) contains an
element which is a product of positive cycles of length aq, ..., a, and negative cycles
of length by, ...,bs with >0, a; + 22:1 b; = n. Moreover, for the corresponding
torus 7 we have 75 = [[j_, A; x [[}_, Bj with A; ~ Zga; -y and Bj ~ Z,

q"i+10
see for instance [FLT, p. 16,17]. Now we assume that 75 < T.. If by = n, then
|TF| =¢q" +1 > |Ty|, whence e = — and 7 is GF'-conjugate to 7c, a contradiction.

Assume a; = n. Then |TF| = ¢" — 1 > 3 divides |T.| = ¢" — &, whence € = +
and 7 is GF-conjugate to 7z, again a contradiction. We may therefore assume that
r 4+ s > 2. In this case each g € A; has eigenvalue 1 (with multiplicity 2(n — a;))
on the natural module M of G. But the only element in 7. with eigenvalue 1 on
M is 1. Since A; < T., it follows that A; = 1, i.e. ¢ = 2 and a; = 1. The same
argument shows that there is actually no B; in 7. We conclude that ¢ = 2, 7%
is maximally split, and 7% = 1.

(ii) First assume that n = 3. Then there are 10 G¥'-classes of F-stable maximal
tori 7 in G, with |TF| = (¢ — 1), (¢ — 1)%(q + 1) (2 classes), (g + 1)%(g — 1) (2
classes), (¢ —1)(¢> +1), (¢+1)(¢* +1), (¢+1)*, ¢ = 1, and ¢* + 1; cf. [Li, p. 87].
Since ¢ > 4, it is easy to check that these 8 orders are pairwise distinct, and so
we are done. Next assume that n > 5, |TF| = |T.|, and we keep the notation in
the proof of (i) for 7F. Then ¢" —e = [[;_,(¢% — 1) - H;Zl(qbﬂ' +1). If a3 =,
then € = + and 7 is G '-conjugate to 7;. Similarly, if b; = n, then ¢ = — and 7 is
GF-conjugate to 7.. So we may assume r + s > 2; in particular, a;, b; < n for all
i,7. Since n > 5 is a prime, by [Zs] there is a prime divisor 7 of ¢" — 1 which does

not divide H?:_ll (¢* — 1) if e = +, and a prime divisor r of ¢*® — 1 which does not
divide Hf:l_l(qz —1)if e = —. Clearly, r divides |T.| but not |T|, a contradiction.
([

Recall that to each F-stable maximal torus 7 of G and a character 6§ € Trr(7TT)
one can define the Deligne-Lusztig (virtual) character Rt g; cf. [Cl [DM]. The
characters Rt ¢ are parametrized by the GI'-conjugacy classes of pairs (7, 6). Let
G* be a simple algebraic group with a Frobenius map F™* such that (G*, F*) is
dual to (G, F). Then the GF-conjugacy classes of (7,6) are in a bijective corre-
spondence II with the G*F -conjugacy classes of pairs (T*,s), where s € G s
semisimple and 7* is a F*-stable maximal torus containing s [DM| Prop. 13.13].
This correspondence II is explicitly described in [Lul p. 23, 24]. The set Irr(GF)
is partitioned into Lusztig series £(GY', (s)) (cf. [DM, p. 107]) which run over all
geometric conjugacy classes (s) of semisimple elements s € G*F . On the other
hand, if s € G*'" is semisimple, then the rational series £(GF, (s)g«r+) consists of
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all irreducible constituents of those Ry ¢ such that (7,6) correspond to (7%,s’)
with s’ being G*F -conjugate to s. (Informally speaking, we say that such Rt ¢
belong to £(GF, (s)g-r+).) In our particular situation, since Z(G) is connected, the
Lusztig series £(GF, (s)) and the rational series £(GF, (s)g.r+) are the same (cf.
[DM, p. 136]), hence we will use the notation £(G¥', (s)) to denote the correspond-
ing rational series.

In general, the Deligne-Lusztig characters Rz ¢ span only a subspace of the
space of all class functions on G, and any class function on G that is orthogonal to
all Deligne-Lusztig characters (with respect to the usual scalar product (-,-)¢) is
called an orthogonal function (Senkrechtfunktion in [Lu]).

Lemma 10.2. (i) Let f be any orthogonal function. Then f(t) = 0 for any
semisimple element t € G.

(ii) Assume Z(G) is connected and x € Irr(GF) N E(GY, (s)). Then x is a linear
combination of those Rt ¢ belonging to (G, (s)) and some orthogonal functions.

Proof. (i) Let t € G be semisimple and let ¢ be the class function which takes value
1 on t% and value 0 otherwise. By [C| Prop. 7.5.5], 1 is a uniform function, hence
1 is orthogonal to f. Thus

B0 S
= (59) |G|Zf =1 20 =" =

gets
ie. f(t)=0.

(ii) Let I := TIrr(GF) N EGE,(s)), I' == rr(GF)\ I, J .= {Rr,9 | Rr,0 €
EGT,(s)}, and J' == {Rt ¢ | Rr,0 & £(G",(5))}. Clearly, I L I', J C (I)c,
and J' C (I')c (as Lusztig series form a partition of Irr(GF)). Write (I)c as the
orthogonal sum (J)c @ S. Then any function f € S is orthogonal to J and also to
J’, so f is an orthogonal function. Now any x € I can be written as « + 3, where
a € (J)c and § € S, and so we are done. O

Remark 10.3. Assume that (G, F') and (G*, F*) are dual to each other, with cor-
responding dual rational maximal tori 7 and 7*. Then 7*F" is isomorphic to
Irr(7F) (considered under multiplication) (cf. [DM} Prop. 13.11]) and the above
correspondence II specifies an isomorphism between them.

10.2. The case n is an odd prime. Throughout this subsection we assume that
n is an odd prime and (n, q) # (3,2). Let G, denote the set of G-conjugacy classes
of '-elements. The torus T’y has a unique subgroup T} ~ Z,_1, and similarly the
torus T has a a unique subgroup 7! ~ Z,. 1. Let X, denote the set of G-conjugacy
classes of ¢'-elements that intersect either Ty \ 7'} or 7_ \ T". Since n is assumed
to be an odd prime, one can check that the elements in T \T}r split into % (¢"—q)
G-classes, with representatives hog(i), 1 < ¢ < (¢" — ¢)/2n (where we keep the
notation consistent with the one used in [Lu| for n = 3), and the centralizer of any
of them in G equals T;. Similarly, the elements in 7_ \ T split into %(q" - q)
G-classes, with representatives hs1 (i), 1 < i < (¢" — ¢)/2n, and the centralizer of
any of them in G equals 7. The elements in 7'} \ {1} split into 452 G-classes, with
representatives hs(i), 1 < i < (¢ —2)/2, and the elements in 7 \ {1} split into %
G-classes, with representatives hg(i), 1 < i < q/2.
In our case G is of type C,, and ¢ is even, so G ~ G*F" . Let gg(i), resp. go(i),

931(1), g34(i), be representatives of the G*/" -classes corresponding to the G-classes
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of hs(i), he(7), has(i), hs1(i), respectively (again we keep the notation consistent
with the one used in [Lu| for n = 3). In particular, Cg.r~(gx(¢)) is isomorphic to
GL,(q), resp. GU,(q), T+, or T_, if k =8, 9, 31, or 34, resp.

For any semisimple /-element s € G*F | let

E(G",(s)) = U E(GT, st).

tECg*F* (8), t any f-element

A fundamental result of Broué and Michel [BM)] asserts that £ (G, (s)) is a union
of £-blocks. Abusing notation, we will also let £(GF,(s)) denote the set of all
irreducible /-Brauer characters that belong to this union of ¢-blocks.

Let S be the set of #/-elements 1 # s € G*F that are G*F' -conjugate to any of
the above elements gs(i), go(7), g31(2), g34(7), and let

Sy = < U &(gF,(s))) NIBre(G").
SES)

Lemma 10.4. Let G = Span(q), n an odd prime, (n,q) # (3,2), and keep the

above notation. The restriction of functions from Sy to Xy spans the space F of

class functions on Xj.

Proof. Abusing notation, in this proof we denote by x the restriction of any class
function x on G or on Gy to X;. Clearly, F is spanned by {1 | ¢ € IBr,(G)}. By a
result of Geck and Hiss [GH], {x | x € (G, (s)) NIrr(G)} form a basic set for the
Brauer characters in & (G¥, (s)). Hence it suffices to show that for any semisimple
V'-element s € G*F" and any x € £(GF, (s)), X belongs to Fy := (1 | 1 € Se)c.

1) All classes in A are semisimple, whence all orthogonal functions vanish at
them by Lemma [[0.2(i). Furthermore, if 7 is not G¥-conjugate to 7. for any e,
then R7 ¢(g) =0 for any g € &;. For, assume the contrary: Rz ¢(g) # 0 for some
g € X,. Since Cg(g) is connected, [C, Theorem 7.2.8] yields

1
(43) Rr.0(9) = tem S 0l (1),
T€G, x—lgzeTF

Since Rt ¢(g) # 0, it follows that there is an z € G such that =gz € TF. Without
loss we may replace g by = 'gx and assume g € 77, In this case 7' < Cg(g) = T
for some & = 4. By Lemma [[0.1]i), 7F = 1, contrary to the fact that 77 > g # 1.

2) Here we consider the case 1 # s ¢ S,;. We claim that for any Ry ¢ in
E(GT,(s)), T is not GF'-conjugate to any 7c. Indeed, assume to the contrary that
T is GF'-conjugate to 7 for some € = +. The above correspondence II sends (7, 6)
to (T*,s) and gives an isomorphism Irr(7%) ~ T*F"; c¢f. Remark I03 Now
|T*F"| = |Ire(TF)| = |TF| = |T.|. By Lemma [0.1(ii) (applied to G*), there is
a unique G*F"-class of such 7*, and this is the class corresponding to 7z. But
s € T*F" 50 in this case s is G*F -conjugate either to 1 or to an element of Sy,
contrary to the assumption we made on s.

Now let x € £(GT, (s)). By Lemma [IU.Z(ii), x is a linear combination of some
orthogonal functions and some Rz ¢ belonging to £(G', (s)). According to 1), the
orthogonal functions all vanish on Xy, and the Rz ¢’s also vanish on &} since 7 is
not GF-conjugate to any 7. Hence y = 0.

3) If s € Sy, then clearly ¥ € Fy. Finally, we consider the case s = 1. By
Lemma [TT2(ii), x is a linear combination of some orthogonal functions and some
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Rz 1. Again, orthogonal functions vanish on X, and Ry 1 vanishes on X, if 7 is
not GF'-conjugate to any 7. So it suffices to show that ]%7,1 belongs to Fy when
T is GF-conjugate to 7.

Assume for instance that 7 is G'-conjugate to 7. We may assume that 7 =
T. Let t be a generator of T ~ Zgn_1, t be a primitive (¢" — 1)*'-root of unity
in C, and write ¢" — 1 = % with (r,¢) = 1. For 0 < i < r — 1, let 6; be the
T, -character sending ¢ to /"?. Let g € T_ N &,. Since (|T_|,|T+|) = 1, no G-
conjugate of g can belong to Ty. Then (3] implies that Rz ; and Z:()l Rt o,
vanish at g.

First we assume r = 1, i.e. ¢" —1 = £*. Then every element h € Xy is conjugate
to an element g € T_, hence Ry, 1(h) = 0 due to the above observation. Thus
Ry, =0.

Next we assume that r > 1. We have shown above that Z:;Ol R g, vanishes at
any element g € T_ N A,. Let h € Ty N AX,. Then h = t*"% with 1 <k <r — 1, and
SO

r—1 r—1 . Eﬁzakr _1
Som= ol __Z1_y
i=0 " i=0 gk —1

Applying (#3) to h we get

r—1 r—1
2 im0 (1) = w2 (Z f’i(xlhw)) Q% (1) = 0.

z€G, = hzeTy \i=0

Thus Z:;Ol R7, ¢, vanishes at any element h € T’y N X,. Consequently,

r—1

(44) Rry=-> Rry,

i=1

Observe that for any i, 1 < i < r — 1, 6; is a nontrivial character of 7% of ¢-
order (indeed, 67 = 17r). So the correspondence II sends (7, 6;) to (7*,s"), where
s’ € T*F" is a nontrivial /-element. As in 2), the equality ¢" — 1 = |TF| = [T*F"
implies that 7* is G*F -conjugate to the torus corresponding to 7. Since s is
a nontrivial #'-element in T*F", 5" is G*¥ -conjugate to gs(l) or gs1(l) (for some
7). In other words, s’ € S¢. Now R g, is certainly a linear combination of some

x € £(GT,(s")) NTIrr(G), whence Ry g, is a linear combination of some ) with
¥ € E(GF, (s')) NIBry(G). Tt follows that Ry g, € Fy for any i, 1 <i <r—1. But
in this case ({4) implies that ]%711 € Fy as well.

The case when 7 is GF'-conjugate to 7_ can be dealt with in the same way. O

A crucial ingredient of our argument is

Proposition 10.5. Let G = Spay(q), n an odd prime, (n,q) # (3,2), and keep the
above notation. Let ¢ be a class functions on Gy. Assume that ¢ € (IBre(G) \ Se)c
and that o =0 on Gy \ X;. Then ¢ = 0.

Proof. Let g1,...,9m be representatives of all G-classes in Xy. By Lemma [[0.4]
there are ¥1,...,%m € (S¢)c such that ¢;(g;) = J;;. The aforementioned result
of Broué and Michel [BM] implies that IBry(G) \ S¢ and S, are disjoint unions of
£-blocks. Hence the orthogonality relations for Brauer characters yield for any 4
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that
= (¢ i) = Z
€Gy
@ o3
TEXy
_ i Z (z) = |g1, | (9:)
Ciel =T T e T
zEg?
i.e. ¢(g;) =0 for any i. Thus ¢ =0 on Xy, whence ¢ = 0. O

Theorem 10.6. Let G = Spa,(q), n an odd prime, (n,q) # (3,2). Assume that
V and W satisfy the assumptions (and therefore the conclusions) of Theorem [T,
Then V=W and V is either the trivial module or a Weil module.

Proof. 1) Again we view G = G¥ for some Frobenius map F. Then we can find a
rational parabolic subgroup P and its rational Levi subgroup £ such that P, = P¥
and L; = L£F. In this case, the Lusztig functor R% is just the Harish-Chandra
induction Rfl, and the Lusztig restriction *R% is the Harish-Chandra restriction
*RY 5 cf. [DM p. 48]. Since Z(G) is connected, the Lusztig functor R% respects
Lusztlg series, i.e. if s € L7 and x € £(LY, (s)), then RY(x) is a Z-combination
of characters from £(G¥', (s)); cf. [Lul p. 70].

2) First we consider the case when V satisfies (W5 ) and assume Cy(Q1) = 0.
Then B0) and Corollary [ZH] imply that « = b = ¢; = 0 and so d = 0 (in the
notation of the proof of Proposition BI)), whence W = 0 (see the definition of W
right after 21))), and so dim(V') = dim(W) = 0, a contradiction. Similarly, assume
that V satisfies (W5") and Cy(Q1) = 0. Then Cy (Q1) = Cy(Q1) = 0, whence
(BD) and Corollary LTl imply that a = b= ¢; = 0 and so d = 0 (in the notation of
the proof of Proposition B3)). It follows that W = 0 (see the definition of W right
after 32)), and so dim(V') = dim(W') = 0, again a contradiction.

We have shown that *RY (V) = Cv(Q1) # 0. Since V is an FG-module, we
can find an L;-simple submodule U of *Rgl (V). By Frobenius’ reciprocity, V' is a
quotient of RY (U). The discussion in 1) shows that RY respects Lusztig series.

3) Assume V satisfies (W, ). By (B0) and Corollary [[5] U can be chosen to
have Brauer character p — e - 11, where p = 1, Qp—1 ® 11y, Enfl ® 1py, or
An_l ® 17y, and e € Z. In the first three cases, p is a unipotent character of
Ly; define s € £*F to be 1. In the last case, item 2) in the proof of Corollary
shows that p € £(LT, (s)), where s corresponds to some element of the form
diag(&7,€77, Iop—4) of L. Clearly, in all cases the ¢/-part of s does not belong to
S¢. Hence, V' belongs to IBry(G) \ Se. Also, recall that W is defined to be the
virtual FG-module, with character aq,, + bﬁn + E o 1 )/2 czﬁfl +d-1¢g. Clearly, a,,
Bn, and 1lg are unipotent, and Cn is in &(GF, (s ')) with s’ corresponds to some
element of the form diag(fjl,f’j/,lgn,g) of G, whence all irreducible constituents
of them belong to IBr/(G) \Sz.

4) Assume V satisfies (Wy). By (B7) and Corollary m U can be chosen to
have Brauer character p—e-1z,, where p =17, ® d;, 1z, L @1y, P21 ® 1T17
#i_1® 1, and e € Z. In the first case, V is a quotient of RY (1, ® ;) =
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so V belongs to IBry(G) \ S¢. In the next three cases, p is a unipotent character
of Ly; define s € £*F" to be 1. In the last case, item 2) in the proof of Corollary
shows that p € (LY, (s)), where s corresponds to some element of the form
diag(67,677, I, —4) of L}. Clearly, in the last four cases the ¢'-part of s does not
belong to Sy. Hence, V' belongs to IBry(G) \ Se. Also, recall that W is defined to
be the virtual FG-module, with character

(r=1)/2 (r—1)/2
apy +bpZ + Z ¢ty +(d—a—b—2 Z ¢i) - la.
i=1 i=1

Clearly, pL, p2, and 1 are unipotent, and 7% is in &(GY, (s")) with s’ correspond-
ing to some element of the form diag(éjl,é_j/, I5,—2) of G, whence all irreducible
constituents of them belong to IBr,(G) \ Sy.

5) We have shown in 3) and 4) that ¢, ¢ € (IBry(G) \ S¢)c if ¢ is the Brauer
character of V' and v is the Brauer character of W. By the conclusion of Theorem
@A, ¢ =+ onany P; with 1 < j <n—1and on any Hy with 1 < d < n/2. Observe
that any element g € T}r UT! lies in a conjugate of H;. From Lemma Z2(iii), it
now follows that ¢ = ¥ on G¢\ Xy. Applying Proposition [[H to ¢ — v, we conclude
that ¢ =1, i.e. V = W. Since V is irreducible, the last equality implies that V is
either the trivial module or a Weil module. (]

10.3. Proof of the main theorems. We can now complete the proof of the main
results of the paper.

Proof of Theorem The cases n = 2 and (n, q) = (4,2) follow from Proposition
E1 and LemmalL3l Furthermore, the case n is an odd prime follows from Theorems
and [[0.6l. We may now assume that n is a composite. Choose r = 2 if n is even
and r to be an odd prime divisor of n if n is odd; in particular, n = rm for some
m > 1.

By Theorem there is a formal sum W of trivial and Weil modules of G such
that V = W on subgroups P; and Hgfor 1 <j<n—-1land1<d< n/2. Embed
S := Spar(¢™) naturally in G, and define x = ™. By Lemma [3.7] any composition
factor of W|g is either a trivial module, or a linear-Weil module (of S) when k = +
and a unitary-Weil module when x = —. By Corollary 42, W|s has property
(W¥E). Consider the Z,-subgroup Z,.(S) of S. Then all Z,(S)-characters occurring
in W]z, sy belong to O; UO35. Since Z,(S) < Py and V' = W as Pi-modules, the
same holds for V| sy, whence the S-module V' also satisfies (WW5). Observe that
q™ > 2. Hence Proposition [ resp. Theorems and Theorem [[LG, applies
to S when r = 2, resp. when r > 2, and yields that any composition factor of
Vs is either a trivial module, or a linear-Weil module (of S) when x = + and a
unitary-Weil module when x = —. Now we consider the Pj-subgroup P;(S) of S.
Then P;(S) is contained in a conjugate of P, and 1 < m = n/r < n, whence
V =W as P;(S)-modules. Thus the S-Brauer character ¢ of V' — W satisfies the
assumptions of Lemma [[T1(i) when £ = +, and of Lemma [[TT(ii) when x = —.
By Lemma [ TT] ¢ =0, i.e. V =W as S-modules.

Finally, by Lemma[ZZ any element g € G is conjugate to an element of some
P; with1 < j <n-—1, some Hy with 1 < d <n/2, or S. We conclude that the
Brauer characters of V' and of W take the same value at any ¢'-element g € G, i.e.
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V = W. Since V is irreducible, the last equality implies that V is either a trivial
module or a Weil module. O

Proof of Theorem [L1l The cases (n,q) = (2,2), (3,2), (4, 2) can be checked directly
using [JLPW], so we assume that ¢ > 4 if n < 4.

First we consider the case n > 5. If (n,q) = (5,2), then ?(n,q) = 3808. If
(n,q) # (5,2), then 9(n,q) = b~ (n—1,q) - ¢" (¢g"* —1)(g—1)/2 (in the notation
of Theorem (E.12). By Theorem EI2land Remark [513] V' satisfies (W), whence V
satisfies (W5) for some ¢ = + by Theorem [5.11] But in this case V is either the
trivial module or a Weil module by Theorem

Next we assume that n < 4. If V satisfies (W5), then we are done by Theorem
L2 Assume neither (W5") nor (W) holds for V. By Lemma [3.4(i), both (W)
and (W, ) fail for V|z,. In other words, V|z, affords both OF and O, . It follows
that dim(V) > |OF |+ |05 | = 9(n, q), a contradiction. O

Remark 10.7. C. Bonnafé and R. Rouquier (private communication) have recently
announced a result establishing a Morita equivalence between nonisolated blocks
in £(G7, (s)) and (LT, (s)) when s € L*F". Suppose that V has property (W5).
Then Propositions[8 I and B3 and arguments as in the proof of Theorem[T0.6 show
that either V' is in a unipotent block or it is in a nonisolated block. If V is in
a nonisolated block, then the announced result of Bonnafé and Rouquier would
imply that either V' is a Weil module, or dim (V') > d(n, q) (but then one still has
to show that the property (W5) implies dim(V) < 9(n,q)). More importantly,
unipotent blocks are isolated, and, as it happens most of the time, dealing with
unipotent blocks is the most difficult step in solving various problems in the cross
characteristic representation theory of finite groups of Lie type.
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